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1 Electrostatic Fields

The operative word here is static, meaning time-independent. The title of this chapter could
equally be " Time-independent electric fields”. The objective of the chapter is to learn about
electrostatic fields in vacuum: electric fields in materials is the topic of the next chapter.

The source of an electrostatic field is a static (i.e. non-moving) charge or a static charge
distribution. The electrostatic field is a useful (albeit abstract) concept because, given a
charge distribution, one can compute various useful quantities knowing the fields.

For instance, the energy stored in a capacitor is computed once the electrostatic field
between the plates of the capacitor is known.

The calculation of the electric field produced by many point charges or by a charge
distribution depends critically on what is known as the superposition principle.

When charge distributions exhibit a particular symmetry (v.g. they are uniform over a
plane, a cylinder or a sphere), it is possible to considerably simplify the calculation of an
electric field by using the so—called Gauss’s flux theorem. This theorem is closely related
to one of Maxwell’s equations and it is always true. Unfortunately, it is only useful for the
calculation of electric fields in the limited cases where charge distribution are symmetrical.

1.1 Charges

Electricity is associated with electric charges, and it is known that there are two types
of electric charges. For convenience, they are called positive and negative charges. They
could have been called "male” and ”female” charges, but the use of ”positive” and "negative”
comes with some definite mathematical undertones, and it is the long—standing rule to use
the adjective "positive” and "negative”.

Any amount of charge on a body is the integer multiple of an elementary charge, which is
denoted by e. Under normal circumstances, a body will carry a huge number of elementary
charges, so the discrete nature of the net charge is not immediately apparent.

This situation is similar to, say, water. A bucket of water contains, ultimately, a huge
integer multiple of the basic "unit” of water: the water molecule. For most practical
purposes, we can consider water as a continuous fluid without worrying about the individual
water molecules.

To measure the amount of charges, we use the unit of the Coulomb, with symbol ”C”.
One Coulomb contains

1C ~ 6 x 10"%. (1.1)

More accurately,
e=1.6019 x 107°C. (1.2)

The elementary unit of electric charge is an extremely small fraction of a Coulomb, but it is
nevertheless discrete. In particular, an electron carries a charge —e, while a proton carries
a charge of +e.

Quite generally, we will say that a body carries a charge of Q C. Most of the time, it is
not necessary to know precisely how many multiples of e does () represent, no more that it
is necessary to know precisely how many molecules of water are found in a bucket.



1.2 Force between two isolated charges: Coulomb’s law

It is found experimentally that when two sufficiently isolated bodies carrying charges ()4
and @)y respectively are brought in relative proximity, they will either repel or attract one
another. If both bodies carry like charges (either positive or negative), they will repel one
another. If one body carries a positive charge while the other carries a negative charge, they
will attract.

1.2.1 Magnitude of the force

If the first body, carrying charge (1, is located at position 7 in space, while the second body,
carrying charge (), is located at position 75 in space, the force of attraction or repulsion is
a vector with magnitude

Q1Q:

|7 — 7|

F=k (1.3)

In this expression, k is a constant which will be specified later, and |7, — 7| is the distance
between the two bodies. Recall that this distance is the length of | — 7|, and is calculated
from the positive square root of the scalar product:

|7 — 71| = \/(F2 —71) - (Ty — 7). (1.4)

We can make this more explicit. If a Cartesian system of coordinates is used, then the
vector 7 and 75 have, respectively, components

?71 = x1§3+y13]+212,
Ty = ToT + Yoy + 222 (1.6)
Then,
ro—r1 = (va—x) T+ (Y2 — )T+ (22— 21) 2, (1.7)
(T —71) - (Fa — 7)) = (952—$1)2+(?J2—3/1)2+(22—21)2> (1.8)
P= Al = e =) (e — ) + (2 — ) (1.9)

Note carefully how Eqn.(1.3) is displayed. On the left, we have the magnitude of the
force. This is a scalar. On the left, we have a combination of scalars, so that both sides
are scalars.

The constant & is usually written in terms of other constants. Numerically, we have

1
k= . 1.1
471'80 ( O)

The constant
g0 = 8.854187817... x 107 *Fm ™, (1.11)

where F is the Farad, the unit of capacitance, and m is the unit of length, the meter. &g is
called the permittivity of free space.
The combination of units of charge, permittivity of space and distances in Eqn.(1.3) produces
units of physical force (i.e. Newton, or N), so that both sides of the equation have identical
units.

A convenient numerical shortcut is to use k ~ 9 x 10°.



1.2.2 Direction of the force

We now need to establish the vectorial nature of Eqn.(1.3), i.e. make the vector signs appear
correctly.

The force is found to act along the line joining the two charges, i.e. parallel to the vector
75 — 7. Since the magnitude of the force is already established, we thus have

— 1
F12:if12—_,Ql—Q_,22, (1.12)
47'('50 |7“2 — 7'1’

where 715 is a unit vector in the direction of 75 — 77:

. T2 —"
T12 |772 — Fll . (113)
To determine if one must keep the "+ or the ”-” sign, we look at the special case where
the first charge is located at the origin: 7 = 0. Then, 75 — 7 points away from the first
charge. If we assume (); and () are positive, for simplicity, and choose the + sign, the
force F will be pointing away from )y, indicating that ()5 will be repelled by )1, which is
something experimentally verified. If, on the other hand, (), is positive but ()5 is negative,
their product will be Q1@ = —|Q1 Q2| so the + sign would produce a force directed towards
()1, indicating that the second charge would be attracted by ()1, which is also experimentally
correct. Thus, we conclude that we must keep the + sign and write the vectorial form of
Coulomb’s law as

= .1 12

Fa = gt -

Ql Q2 (FQ - Fl)

471'80 |F2 —F1|3 ’

(1.15)

where Eqn.(1.13) has been used. This is Eqn.(4.6b) of Sadiku.

Eqn.(1.15) describes the force on the second charge produces by the first charge. The
force on the first charge produced by the second charge is obtained by replacing 715 by 791,
with the appropriate definition

R T — T
= 1.16
21 ‘7;»1 _7—,»2| ( )
Since |1 — 5| = |1y — 71|, we see that
7221 — —7212, (117)
so that
F21 = _F12; (118)

in accordance with Newton’s law of action-reaction.



1.2.3 Comments

It is not really surprising that the direction of the force should be along the line joining the
two charges. If you have two isolated charges in space, the only preferred direction is the
direction joining them. There is nothing special about any other direction, so it would have
been disconcerting to find the force acting at some angle from the direction joining the two
charges.

As soon as there is a force on, say, the second charge, it will be set in motion according to
Newton’s law F = ma. Conversely, the first charge will also start accelerated motion, albeit
in the opposite direction. Thus, one never strictly fulfills the condition that the charges are
static (i.e. not moving). However, it is found experimentally that Coulomb’s law holds in
those circumstances where the charges are almost static, i.e. move with "small” velocities.
Here, "small” velocities means velocities much smaller than the speed of light ¢ ~ 3 x10%m/s.
When the velocities are large, Coulomb’s law breaks down and one must use Einstein’s special
theory of relativity to properly compute forces.

1.3 Net force from multiple charges: the superposition principle

We now generalize the problem as follows. Let us place a charge () at some location 77,.
The subscript p refers to this point. Suppose there are two charges )1 and (s, located
respectively at 7 and 75. What is the net force F on @7 The answer is thankfully very
simple: compute the force F, on @ due to )1 alone, compute the force F, on Q@ due to Q)
alone, and simply add, i.e.

F=F +F. (1.19)

Note the slight difference in notation with Eqn.(1.15) : since the charge @ is not "numbered”,
we have
F = QQM?‘f%, (1.20)
dmeg |7 — 71
ﬁ;::QQ“?_?Q (1.21)
47 €0 |'r‘p — r2|

F = cg[ L (Qlfﬁ H%-%Q2(# _?2)]. (1.22)

47‘(‘60 |7“p—7"2|

The net force is the simple sum, or simple superposition, of the individual forces dues
to each charge )1,(Q)>. The presence of ()5 does not affect in any way the force on ) due
to Q1. Of course, the net force on () depends on both )1 and (),, but not the individual
contributions.

This generalizes to any number of charges: the net force on a charge () located at 7, dues
to charges Q1,Qo, ..., Qn, located respectively at 7,75, ..., 7y, is the simple sum, or simple
superpositoin, of the individual forces due to @1, Q)o, ..., Q@ separately. Mathematically, we
can write the generalization of Eqn. (1.22) to N charges as

(Q1|< 7)o, =) *%+ o g)] (123

1| |p_2

ﬁ_c4

47’(’80



= 4ﬂ€ j{:cgk (1.24)

Eqn.(1.24) is fundamental. It is known as the superposition principle for forces. It is
far from obvious that Nature would work in a way that would allow us to simply ”superpose”
the results of numerous individual calculations.

1.4 The electrostatic field: Definition

Eqn.(1.24) clearly states that the net force on charge @ is proportional to @ itself. Thus, is
is convenient to define the electric field £ at point 7, due to the N charges as

—

- F 1
E(r,) = lim — =
(Tp) QILI%J Q 471'60

(1.25)

7
HMZ
N
QO
ol
—
e
|
=t
|~

Essentially, one imagines that a smaller and smaller charge @) is placed somewhere, that one
then calculates the force on this charge, and divides by ) . Since () is a scalar and F a
vector, the result, the electric field, is a vector. One could, in theory, repeat the calculation
for every single possible 7),, and thus obtain the electric field E at any point 7.

If we know the electric field at 7,, we can calculate immediately what would be the force
on a charge () located there: it is simply

F=QE(%). (1.26)

Physicists consider the electric field to be more fundamental than the force. This is because,
as we will see, it is possible to store energy in the electric field, without reference to any force
whatsoever. Furthermore, it is often easier to compute fields than forces, especially in these
cases (not covered in this class) where the sources of the field, i.e. the charges Q1, ..., @Qn
that occur on the right hand side of Eqn.(1.25) move at velocities close to the speed of light.

It is clear from the definition that, since the electric field is defined via the net force on
a charge, and since the superposition principle holds for forces, the superposition holds for
the calculation of electric fields. In other words, the net field at some point 7}, is the sum of
all the fields calculated individually for all charges acting as the source of field.

1.5 Worked out examples: point charges and dipoles
1.5.1 Point charge at the origin

Let us obtain an expression for the electric field in the simplest possible case: a point charge
+(@ located at the origin.

Here, we have a single source located at r; = 0 so, at any point 7, application of
Eqn.(1.25) gives
= 7 7
E(r,) = @ L @ - (1.27)

dreg |pl®  Ameg |72

where 7, is a unit vector point radially from the origin toward 77,.



The field is spherically symmetric: if 7,, and 7, are two points such that |r,, | = |7p,],
the electric field at 77 has the same magnitude as the electric field at 75: the fields only differ
in their orientation.

Graphically, we can represent the field on a piece of paper by drawing a representative
sets of electric field vectors in the z = 0 plane. The result is presented in Fig.2.

Figure 1: The electric field in the z = 0 plane of a positive point charge located at the origin.

Similarly, the electric field of a point charge —@ located at the origin is given by

E = — — 1.28

(Tp) 47750 |Fp|3 ) ( )
Q 7y

= — — 1.29

471'60 |Fp|2 ’ ( )

Some representative E vectors located in the z = 0 plane are illustrated in Fig.2. We
see that the direction of the electric field is now always towards the origin. Thus, if a
positive charge is located anywhere in space, it will feel a force of magnitude +QE(7,) in
the direction of E (7), i.e. in the direction of the origin. Thus, this positive charge will be
attracted towards the (negative) charge at the origin.

1.5.2 Dipole in the near field

We next consider a more complicated configuration. Imagine we have a positive charge +@)
located at 7} = (d,0,0), i.e. at some distance d from the origin along the & axis. Another
charge —@ is located at 7 = (—d,0,0), also on the Z axis. This configuration is known as
an electric dipole.

Let us compute the net field at a point 7}, = (—2d,0,0). We have:

B(-24,0,00= % =N Q@ Ty 7
T 471'50 |7?p_F1|3 477'60 |Fp—7?2|3 '

(1.30)
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Figure 2: The electric field in the z = 0 plane of a negative point charge located at the
origin.

Using
=71 =—=2d% — (d) = =3d&,  Tp,—Ty=—2d¥ — (—di) = —d, (1.31)
we have
|7, — 7| = 27d°, |7, — > = d*, (1.32)
and
= Q [—i3d —Q (—id
E(—2d,0,0) = 1.33
( T ) 47T€() 27d3 + 47T€0 d3 ’ ( )
. Q 1 1 . Q 8
= ——+— | = —. 1.34
T \ o2 T @) T ine, o (1.34)

We can understand qualitatively this results as follows. The point 7}, is to the left of the
negative charge, at a distance d from this large. Thus, the field due to this charge will be
in the + direction. The positive charge located at d 2 produces at 7, = (—2d,0,0) a field
in the —2 direction. However, this field is smaller in magnitude than the field of the —@)
charge because the latter is closer to 7, than the charge +@). Thus, the net field is obtained
by superposing a large positive contribution from —() to a small negative contribution from
+@). The result is in the & direction.

Quite generally, the field lines in the z = 0 plane near the two charges are reproduced in
Fig.3

Let us now compute the E at 7, = (0,7,,0), i.e. at an arbitrary point along the § axis.
We now have: L o
E(O y 0) _ Q T.p - _Q rp — T2

TP 47T€0 "I?p—’f_”1|3 47T€0 |Fp—F2|3’

(1.35)

where

FP_FI :yo?)_ (di.) = (_d>ypvo)7 ’Fp_fi‘ = \/d2+y;2)7 (136>



Figure 3: The electric field in the z = 0 plane of an electric dipole located at the origin.

and
FP_FQ :yo?)_ <_d;%> = (daypao)a |FP_F2‘ = \/d2+y§ (137>
Using this in Eqn.(1.25), we find

- Q —dz + Y,y —Q Td+ypy
E - 1.
(0., 0) dmeg \ (@2 + y2)32 T e \( @+ y2)2 ) (1.38)
Q  —2d

(1.39)

Cdmeo (@ + 2

Note the components along ¢y have canceled out. Again, we can understand this qualitatively.
Pick a point y, on the ¢ axis, and draw the E field at that point due to the positive charge.
Since the ¢ axis is on the left of the positive charge, the E vector will be pointing towards
the "left—up” position (assuming you have chosen y, > 0.) The field due to the negative
charge points in the ”left-down” direction, and has the same magnitude as the field due to
the +() charge since both charges are at the same distance from y,. The resulting vector is
completely towards the left, since the "up” part of the one field is canceled by the ”down”
part of the other. Again, this is visible on Fig.3. Although there is no vector drawn exactly
on the y axis, it is clear that the resulting field is in the —2 direction.

1.5.3 Dipole in the far field

Finally, we consider one last case, that we will rediscover when we deal with antennae. Let
us compute the E field for any point 7, such that |7,| >> ||, i.e. when we are very far
from both sources.

The trick here is to use

|7 — 7> = (7, — 1) (7, — ), (1.40)

FP'FP+F1'F1—2FP'F1 COSG, (141)



where 6 is the angle between 7, and 7. Let us denote by 7, the quantity |7,| and recall that
|71| = d. Thus,

|7 — 7|* =712+ d* — 2r,dcosf. (1.42)
Likewise, since 7, = —7, we have
|7y — 7> = 1) + d? + 2r, d cos 0. (1.43)
Now,
1 1
m - (r2 +d?* — 2rpdcos 0)3/2° (1.44)
= ! (1.45)

r3(1+ % - 2% cos§)3/2
We now use the fact that r, >> d and recall the approximation

1

1

which is valid when |z| <<< 1. Here, we can identify

d d? 3
x<—>2—cos€——2, n=_, (1.47)
Tp Tp 2
50 1 1 3 d
—_— =~ — 14+ = x2—cosf ) . (1.48)
7 — 7l 2
Likewise,
1 1 3 d
———~ —([1—=x2—cosf ] . (1.49)
|7 — T2 7’2 2 "p

The terms d*/ rf) have been dropped because, if d/r, is small, then d?/ 7}% is even smaller
and can be neglected. This will work so long as cos € is not too small.
Hence, we have, approximately,

E(7) ~ ¢ (7 — 71) (1 +3i cos@) __@ (7 +71) (1 - 31 cos@) . (1.50)

~ 4meg s Tp dmeg ) Tp
where 75 = —7 has been used. This can be cleaned up somewhat:
S Q x 2d R R
E(r,) = P (3cos@r, — 1) (1.51)

The combination 2d@ is called the dipole moment of the configuration. The ”far-field” of a
dipole is characterized by the 1/ Tg’ dependence.



2 The electrostatic field of continuous charge distribu-
tions

In most practical applications, the actual number of charges in an electrical device is so large
that it is not convenient to keep track of them individually.

The situation is similar to, say, a bar of metal. Even though the bar is, at the microscopic
level, a collection of individual atoms, such a detailed description is not very convenient and
many calculations are simplified by using macroscopic quantities like the mass density.

Thus, we will consider the electric field produced by electric charge distributions. We
will encounter three types of distributions: linear, surface or volume. Although the types
of distributions are geometrically different, the computational approach to obtaining E is
always based on the same principle: the principle of superposition.

2.1 Linear charge distributions
2.1.1 General expression

A linear charge distribution usually occurs when only one of the dimension of the problem
is relevant. For instance, when dealing with a wire of negligible cross-section, one may often
consider the wire as a one—dimensional object carry a linear charge density A. The linear
charge density may or may not depend on the position along the wire.

To compute the electric field of a wire, we divide it in little pieces of length dl;. (Notice
how dl,, which is a small length, has no direction.) The little piece located at position 7%
will carry a small amount of charge

dgs = A(rs)dls. (2.1)

(Notice how dgs, which is a small charge, is not a vector, and how the right hand side is a
product of two numbers.) We imagine dl; sufficiently small so that we treat the little piece
as a lump of charge dg,. Thus, this little piece at 7 will produce at 7}, a small electric field

dE , of magnitude and direction given by

dqs (Fp — 7%) _ dqs (Fp —7%)
dmeg |Fp - FS|3 dmeg |Fp - 775|3‘

dE =

(2.2)

The total electric field is computed by the addition (or superposition) of the small electric
field. As the addition of infinitesimal quantities is an integral, we thus obtain

=4 ds —Is
R I
47T€0|rp—rs|

_ [ A s%_ 03

dmey |7, — 7y

As we are summing over all the sources, the integration region contains all the sources, i.e.
it covers all the wire.

10



2.1.2 Worked out example 1: constant linear charge density

Consider an infinitely long wire, stretched along 2z and going through the origin. The wire
carries a constant linear charge density A\. To find the electric field E(Fp) at any point
7, = (zp,0,0) not on the wire, consider first a small piece of the wire of length di; located
at (0,0, z5). By (2.1), it will hold a small amount of charge Adl;. Thus, this small pieces
produces at 7, the small field

- Adlg (2,0, —z5)
dE = 7 P 373" (2.4)
TE0 Jaf + 23|

o Adl (2pT — 262) (25)

471'50 ‘LL’% + 23’3/2.

Next, we note that, since the wire is along 2, the length dl; is really dzs. The region of

integration is from z; = —o0 to z; = oo since the wire extends between those limits along 2.
Thus, Eq.(2.3) now reads, for this problem:
— O dzg )\ (1,0 — 242
E(x,,0,0) = / (= 2:2) (2.6)
_ o 4meg ‘1'227 "‘23‘ /

By inspection, there is no ¢ component to E(a:p, 0,0): nothing in Eqn.(2.6) is along .
The  component is given by

0 dzsA x
E.(2,,0,0) = : L. 2.7
(0,00 = [ P 27)
The integration is over z, so we can pull out a bunch of constants:
Az o dz
E.(x,,0,0) = —2 2 . 2.8
(xp ) 477'50 /—oo |x120+22|3/2 ( )
A primitive for
dzs
75 + 23]
is found by trigonometric substitution. Let z; = x, tan 6, so that
_ 2 _ Ty
dzs = x,(1+tan”0)df = Cos2(9d9’ (2.10)
2, 2 2 2 T
T, + 2z, = w,(l+tan"0) = o2g’ (2.11)
dzs / Tp 1
— = de (2.12)
/ |x§+z§}3/2 cos? 0 <Cf§e>3/2
1 in 6
= —2/d9C089: st . (2.13)
Lp Ly

11



To complete the calculation, we need to return to the original variables by constructing an
auxiliary triangle of slope tanf = z;/x,. We obtain from this triangle the relation

Zs
sinf) = —— 2.14
NG (2.14)
so that
o dzg 1 Zs 1 -1 2
—0o0 ’:UIZJ + Z?‘ xP V CCp + Zs . xl’ xp [Ep
Thus, we have, from Eq.(2.8)
AT, 2 A
Ey(2,,0,0) = 22 2 _ . 2.16
(2 ) dmeg 2 2mENTy ( )
The Z component is given by
 dzg\ z
E.(x,,0,0) = 2 2 : 2.17
(xp ) /—oo 471'60 |$I2) 4 Z§|3/2 ( )
A [T sdzs
- / s (2.18)
4meo J oo ’x% + z§|
Here, the direct substitution Z = 22 + 22 produces
dZ = 2z4dz,. (2.19)
Thus a primitive for
2oz 1 dz -2 1
_ 1 _ _ 2.20
/ ‘56129 22 3/2 9 / 732~ 9712 71/2 (2.20)
1
= —— 2.21
T2+ 22 (221)
so that -
o 2sdz 1
L= — =-0-0=0. (2.22)
/_oo |22 4 22| 2+ 22
Thus,
E.(x,,0,0)=0. (2.23)
Hence, the net electric field is
E(z,,0,0) =2E, =1 A (2.24)
x =tFE, =12 :
pr 2me0 Ty

Please make good notes of the following observations.
The result of Eqn.(2.23) is actually obvious by the symmetry of the problem. To see this,
consider two pieces of the wire, located respectively at (—z,0,0) and (z,0,0). Each piece
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is of the same length dz,, and thus carry the same charge dq, = \ dz,. By construction, both
pieces are at the same distance from 7); this distance is /22 + 2. Thus, both pieces with
produce at 7, electric fields of the same magnitude but pointing in different direction. Let
us add them:

Adzs (2,0,0) = (0,0, —25)  Adzs (2,0,0) = (0,0,2,)  Adzy 21,2
dreg (22 4 22)3/2 dreg (22 4 22)3/2 dmeg (224 a2)3?

(2.25)

Already, there is no Z component in this expression.
The net electric field E is the integral sum of all such pairs, so

o, “Ndz 20, T
E = 2 P . 2.26
/0 dreg (22 + x2)3/2 (2.26)

Here, the sum is from 0 to oo because we are only summing over pair members on the right
of the axis. Since the integrand does not have a Z component, E cannot have a 2 component.

Even when we calculate the £ component of E, we need to integrate over dz;. We are
using the principle of superposition, so we need to add the contribution of the source charges.
These sources are located along Z. Note that, in fact, all integrals are along dz, because this
is where the sources are located. The location of the charges has nothing to do with the
component of E we want to evaluate.

2.1.3 Worked out example 2: variable linear charge density

This is the previous example with a twist: instead of having a constant linear charge density
on the whole wire, a linear constant charge density A is placed on the right side of the wire
while a linear constant charge density —\ is placed on the left side of the wire.

The wire is otherwise the same: it is again infinitely long, stretched along Z and going
through the origin.

To find the electric field E (1) at any point 7, = (z,,0,0) not on the wire, we first break
the wire into a very large number of small pieces of length dl,.

Let us pick one piece, located at (0,0, z;), and assume z; > 0, i.e. the piece is on the
right. By (2.1), it will hold a small amount of charge Adl;. Thus, this small pieces produces
at 7, the small field

B = 2 (2,0, %) (2.27)

Aeqy |2 2|3/2’
0 |3 + 22|

_ Adly (xp — 252) (2.28)
47eg ’x% + 282{3/2' .

Let us consider now a piece in the z; < 0 region. The charge density is —\ there, so this
small piece will produce a small field

o, —Adls (xp,0, —2;5)
iE = = - (2.29)
T€o |$§ + z§|

_ —Adls (2 — 252) (2.30)
471'60 |IE?)—|—Z§|3/2 .
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The only differences between Eqn.(2.28) and Eqn.(2.30) are: the sign of the charge density
is different and the expressions are valid for different ranges of values of z;

The net field is then obtained by superposition, by integrating all the contribution from
the left to all the contributions from the right. BEWARE: the result is NOT 0!

Indeed, if you correctly consider the correct range of application of Eqn.(2.28) and
Eqn.(2.30) and recall that dl; = dz,, the net field is

/0 —Ndz, (1,8 — 2,2) /°° Ndz, (1,8 — 2,2) (2.31)
0

3/2 3/2
oo 4meg ‘%2)_1_252’/ 4meg ‘%2)_1_23‘/

The first integral is the contribution from the left part of the wire while the second is the
contribution from the right part of the wire.
We will now manipulate the first integral so that we get some (surprising) simplification.

/0 —Ndz, (7,8 — 2,2) (2.32)

3/2
oo Ameg }1’129“‘23‘/

In

make the change of variable

2 — — L. (2.33)
Then, dzs = —dZs and the integration range for z; becomes (00, 0) for Z;. Hence,
0 A .
/OO Z:fo |(j§ TZf}f/i (2.34)
P 5
Turn the limits of integration around:
/0 NdZ (xp2 + Zs2) _ /Oo NdZ, (2@ + Zs2) (2.35)
s 4meg |$IQ)+Z52|3/2 o A4meg }23,2,4—23‘3/2

and do the change Z; — z, (the integration variable is just a dummy so I can call it what I

want):
B /°° Adzs (2,2 + 252) (2.36)
0

Aey |2 2|3/2
0 a2 + 22|

and put this back in Eqn.(2.31):

- * Ndzs (2T + 252) * Ndzs (xpT — 252)
E = _/ - 3/2+/ : a2y (2.37)
0 A0 fag 42T Jo ST faf 4 2|

“ Ndz, Zg2
_ 9 / TS (2.38)
0 0 |$p + zs|

This makes it clear that it is the Z component that has now vanished while the Z component
remains. To complete the calculation and find the field, one must do the integral, but let us
see if it is possible to deduce by symmetry that E, must be 0 for this setup.

14



As before, pick two small pieces of identical length dzg, located at —z, and +z, respec-
tively so that both pieces are at the same distance from 7),. The contribution from the piece
at —z, is
Adzs (—2s2 — x,1)
dreg |w2 + 22|32
(Remember that dzs, the length of the piece, is positive, despite z; being negative.) The
contribution from the piece on the right is

dE = — (2.39)

Ndzs 252 — xpd

dE = Tz |2 1 2R (2.40)
Add them to get the contribution of the pair:
)\dzs (=252 —xp)  Adzs 22 — xp0 _ 2)\dzs 245 . (2.41)
A7 |22 + 2232 dweg |22 + 22[3/2 dmeg |22 + 22|3/2

The & contribution of every such pair cancels, so the net field, when summed over such pairs,
cannot have any Z component either.

2.2 Surface charge distributions
2.2.1 General expression

A surface charge distribution usually occurs when only the depth of an object is so small
as to be ignorable. For instance, when dealing with a small disk of negligible thickness,
one may often consider the disk as a two—dimensional object carry a linear charge density o.
The surface of a conducting wire of radius r , or the interface between a conductor and an
insulator are other examples of a situation where a surface charge density may occur. The
surface charge density may or may not depend on the position on the surface.

To compute the electric field produced by a surface charge density, we divide the surface
in little pieces of area dA;. (Notice how dAg, which is a small area, has no direction.) The
little piece located at position 7, will carry a small amount of charge

dqs = o (7,)dS,. (2.42)

We imagine dS; sufficiently small so that we treat the little area as a lump of charge dgs.
Thus, this little piece at 75 will produce at 7, a small electric field dE, of magnitude and
direction given by

dgs (7, —75) _ o(7s)dSs (7 — 75)
4reg |7, — 7 dmey |7, — 7]
Note the similarities between Eqs.(2.2) and (2.43). The net field at 7, is the sum, or
superposition, of all the small fields. Since the sources are now spread over an area, the net
field is the double sum (i.e. the surface integral) of all the small fields:

= (7 — 7%)
B = [ dE = Vp = Tol
(72) / / 47?80 |7, — 7
_ / o(rs)dAs (7 —7s) (2.44)
4, Ame |Fp — [

The integration is carried over the entire area where there are charges.

dE =

(2.43)
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2.2.2 Worked out example 1: infinitely long strip

Consider an infinitely long strip of negligeable thickness, stretched along ¢ from -oco to oo,
along & between (—a,0,0) and (a,0,0) and going through the origin. The strip carries a
surface charge density o that varies with the position on the strip as

o(xs,ys,0) = oors. (2.45)

To find the electric field E (r,) at any point 7, = (0,0, 2,) above the middle of the strip,
consider first a small piece of the strip, having area dA; = dxsdys, and located at (xs, ys, 0).
By (2.42), the small area will hold a small amount of charge o(zs,ys,0)dAs = ooxsdrsdys.
Thus, this small pieces produces at 7, the small field

o O-Ol‘sdxsdys (—.1357 —Ys, Zp)

dE - (2.46)

dmeg ’x? +y2 + z%’

The region of integration is from =y = —a to s, = a and from y, = —o0 to ys = 0o since
the strips extends between those limits along  and y Thus, we have, for this problem:

£(0,0,2,) / dz, / 0oy (25 = Ysh + 22) (2.47)

47'('60 |x2+ys 22‘/

The # component is given by

0o ¢ 2 o dys
EJ) Oa()) == - d s . 248
(0,0, 2) 47r50/a xxs/oo |22 + g2 + 22 3/2 (2.48)
s s D

Experience shows that it is simplest to start with the integration is over y. This is a trigono-

metric substitution using
Ys = /T3 + 22tand, (2.49)

VS

d 2.50
cos? 6 ’ (2.50)
B = () (), 251

2 2
/ dys _ /\/x +z 1 (2.5)
|m2+

y? 4 22[* cos? 22422\ /2
5 P cos? 0

dys -

sin 6

1
= — 0df = ——. 2.53
x§+zg/cos x§+z§ ( )

To convert back to the original variables, we need an auxiliary triangle of slope tanf =

Ys/ /T2 + 22, so that

Ys

NEaT R

sinf =

(2.54)
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and thus

S dy, 1 .7
/ . 32 2 2 2 4 ) > (2.55)
oo |22 4 42 + 22| w42 SRR
2
= ) 2.56
x? + 22 (2:56)
Next, we need to integrate over dz; :
a [e.e] d o
E.(0,0,z,) = —42 / dx s’ / Y 7 (2.57)
0J-a —oo |22 + 92 + 23|
0-0 @ 2 2
= — dx 2.58
4reg /_a v xsazg—l—zg ( )

a 2

S
2meg J_o T XEA 2

First, we manipulate the integral to

E,(0,0,z,) %0 /ad i (2.60)
z\U, U, 2 = - L .
v 21y )y w2422
a 2 2 2
0o Tyt 2z, — 2,
= — drs————— 2.61
27eg /_a ! T2 + 22 (2.61)

a 2

o) Zp
= — drs | 1 — . 2.62
2meg /_a v ( r2 4 zg) (2.62)

A simple trigonometric substitution z, = z, tan  will simplify the second term in the integral

to .
L
/dxsl‘g——f—zg =Zp arctan (Z_p) s (263)
and the net result is
E;(0,0,2,) = —2;:(;0 (xs — zparctan (j—;) > y (2.64)

= ;—500 (zp arctan (ng) — a) . (2.65)

The y—component is zero by symmetry, but we can verify this the hard way by integrating

a o0 Sd o
B,(0,0,2) = —-2° / dmsxs/ e (2.66)
dmey J_, oo a2 4 y2 4 22|V
The integral of dys is done by the simple substitution £ = 22 + y? + z]f, which yields
dys 1 [d 1 1
/ — 32 o 3_§2:__:_ T2 2 (2.67)
|22 4 92 + 22| 2) ¢ Ve VIS T Ys T2
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so that

* Ysdys 1 b
— = — =0, 2.68
/—oo a2 4 y2 + 22| NE il (2.68)
as anticipated.
The z—component is also relatively easy:
a oo d o
E.(0,0,z) = -2 / dz oz, / 2 (2.69)
dmeg J_q —o0 ‘x?—l—yﬁ—i—zﬁ‘w
a [e.e] d R
_ 0% / dz oz, / TS (2.70)
dmey J_q —o0 |22 4 y2 + 22|
o0zp [ 2
= Y —— 2.71
47r50/_ax$x§+zf) (2.71)
To proceed, we substitute n = 22 + zz to get
T 1 [dp 1
des——=— = — [ =2 =21 2.72
/ ’ T2+ 22 2) n 2 o (2.72)
1
=3 In (22 + 22) (2.73)
o0zp [ T
EZ 07 07 - d sT o5 . o 274
( %) 2meg /_a . x?+ 22 (2:74)
- Z;;Z) [In (a® +z)) —In (a® + 2})] (2.75)
= 0. (2.76)

Thus, the net field only has an Z component, and we have

E(0,0,z,) = 720 <zp arctan (ﬁ) - a) . (2.77)
m

€0 Zp

2.2.3 Important Worked out example 2: punctured disk and parallel plates

Consider a punctured disk of inner radius a and outer radius b. The center of the disk is at
the origin and the disk lies in the z = 0 plane. The disk carries a uniform surface charge
density o(7,) = 0p. What is the electric field E at 7, = (0,0, z,)?

We proceed, as always, by superposition. Because of the circular shape of the disk, we
will use a mixture of cartesian coordinates (to easily add vectors) and cylindrical coordinates
(to easily locate charges). Thus,

Ty =1rgcosb,, Yo = TssSinby . (2.78)

We divide the disk into small pieces. The piece located at 7y = (5, ys, 0) has area dz dys.
In cylindrical, this is just dA; = s drg dbs.
This small area will contain a small amount of charges

dgs = o(rs) dAs = ogrsdrs dbs . (2.79)
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Thus, the small field dE produced at 7, by this small amount of charge is

aB) = 24 (p=T) (2.80)

dreg |7 — 73

_ ogredrydds (zp2 —1ycos 0,2 — rgsinb,y) (2.81)
T T imeg (r2 + 23)°7 |

and the net field is thus given by the double integral

(2p2 — 15 cos 0T — 1 8in 057)
E(0,0,z,) = 7T€/ drsrs/ b (25 222 (2.82)
s P

Because

2T 2T
/ cosf,db, = / sinf,df, =0, (2.83)

0 0

it is easy to integrate the z and gy of E and find that the net field in these directions will be
0. Thus, only E, remains to be evaluated.

We have
= . .~ 00 2p
E(0,0,2,) = 4#50/ drs TS/ b r2+22 PR (2.84)
00 Zp
= 2 drers———or . 2.85
247T€0 W/arr(s+zg)3/2 ( )

In this last integral, we could proceed by trigonometric substitution, but experience shows

it is quicker to set
E=ri4 Z; : Td¢ =r,dr,. (2.86)

With this,

T d& 1 1
dro— -1 [ 5~ - 2.87
[owrgm=t o ViR >

After putting in the limits, we thus have

1 1

\/a2+z12, \/62+z§

E(0,0,Zp) = 2 %0 Zp

(2.88)

Note that the final expression depends only on oy and 7}, as it should.
Let us make a = 0: the disk is no longer punctured at its center. This yields

E(0,0,2,) = 2 70

90 | A ~p
280 \/2 A /b? + Zg

How do we handle z,/./ 227 \/z_pQ is a positive number, so clearly, if z, > 0, then the
ratio is +1. However (and be mindful of this), if 2, < 0 then the ratio is —1.

(2.89)

19



We now consider a very important special case. Take b — oo and a = 0. The disk is
now an infinite plane. Eq.(2.88) is now

z
E(0,0,2,) = 2 — 2.
( P) 250 /Zg
Hence, we find that, if z, > 0, the field is along 2 and constant in magnitude everywhere,

while if 2z, < 0, the field is along —Z and constant in magnitude everywhere. In other words,
the field of an infinite plane carrying a uniform surface charge density oy is

(2.90)

~ o { +2 if 2, is above the plane,

E(ry) = 5 —2% if 2, is below the plane.

- 2.91
2oy (2.91)

2.2.4 Worked out example 3: punctured disk with variable surface charge den-
sity

Consider a disk of inner radius r; and outer radius 7y, centered at the origin in the z = 0
plane, and carrying a surface charge density o(f) = oy cos s, where the angle 0, is defined
via

Ty = Tgcosby, Ys = Tssinfy . (2.92)

Let us find E at = (0,0, 2,).

First, we divide the disk into a large number of small areas. The small patch located at 7
has surface dA; = rs drs df, in plane polar coordinates. (The use of plane polar coordinates
will simplify some integrals later on.) Thus, this small patch carries a small amount of charge

dgs = o(fs)dA,, (2.93)
= 09 cosBsrydrsdl,, (2.94)

The distance from this small patch located at 7 to the point of interest 7), is

|7 — Ts| = (/22 + 712, (2.95)

Thus, the small amount of charge will generate a small field

- dgs (zp2 —rscosbst — rgsin057)
dE(0,0 = P 2.96
( ) azp) 471'50 (25—1-7”3)3/2 ) ( )
_ 09 cos 0515 drsdfs (2,2 — 15 cosb,2 — resinf,y) | (2.97)
4meg (22 412)3/2
From this, we rapidly conclude that
E.(0,0,z,) = 2% /mdr L/%de cosf, =0 (2.98)
A0S e ] G [ et '
E,(0,0,z,) 70 /md I /%de 0, sinf, = 0 (2.99)
2,) = — ry ———r s cosfy sinfy = 0. .
yimem e dmeg ) . (241232 )
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There remains the £ component, which is not 0. It is given by

E, = ——° /T{2 d —rg /27r df, cos? 6 (2.100)
- Ts s cos” O, :
4d7eq (zg +r2)3/2 [

r1

(o) 1 "2 7“2
= ——= drs —— 57 - 2.101
dmeg 2/ " (22 +12)3/2 ( )

T1

It is possible to integrate by first making a trigonometric substitution of the form r, =
zptan§. However, this does not appreciably simplify the situation so we will proceed by a
different route.

First, we integrate by parts. Recall that

/udv:uv—/vdu. (2.102)

SdS 1
u=rs, du = dry, dv=—2C oy (2.103)

(221 12)32 NEET-A

Set

Hence,
/ P r? . / dr,
r =— ——— -
Gt JEr2 ) JEee
A trigonometric substitution on the rightmost integral does not simplify much, so we use a
trick known as Euler’s first substitution. Introduce the new variable ¢ via the substitution

\JE@tritrs=t. (2.105)

22
t— 2, (2.106)

(2.104)

We can turn this around to find

which in turn implies

2.2
- 1 22 o (t +zp)
dry = (3+35) dt = —52=dt. (2.107)
Furthermore,
Z2 2 22
zg—i—rg:t—rs—t—%t—l——i:t;p (2.108)

so our integral becomes

dr t* 4 2] ot dt
/ zg—i_rg — 2t2 dt t2+22 = ?:ln(t) :1n <Q/Zg+7'§+7"s> . (2109)

Thus,

T2

o] Ts
E, = (- s <,/ 2 4 p2 ) , 2.110
( 87?50) ( —25—1—7"3 + In Zptri+T > ( )

T1

\J2E T2+
<—800 ) e . (2.111)
T€o N R Y N R !
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3 Gauss’ law

We have seen how symmetry considerations can help in determining when some components
of E are 0. Ifa component is non—zero, we must apply the superposition principle to complete
the calculation.

Are there situation so symmetric so that we can evaluate every component of E without
recourse to the superposition principle? The answer is yes. This is what we will be looking
at.

3.1 Preamble: two spherically symmetric charge distributions

Before we state and study Gauss’ law per se, we will calculate using the superposition
principle the electric field of two very special charge distributions.

3.1.1 A spherical thin shell of radius r.

Consider a spherical shell of negligible thickness, centered on the origin, having radius r;
and carrying a constant surface charge density oy. We will calculate the electric field E at
a point 7, = (0,0, 2,).

Note that, by symmetry, if we have the magnitude of E at (0,0, 2,), we also have the
magnitude of E at any point on a sphere or radius r, = z,. If we pick another point
(2, 0,0) with |z,| = |2,|, i.e. if the point 7/(x,,0,0) is at the same distance from the
origin as the point 7, = (0,0, z,), then |E(z,,0,0)| = \E(O, 0,2,)|. The direction of E will be
different at the two points, but the magnitude of E will be the same.

In other words, because the charge distribution is spherically symmetric and constant,
there is nothing special about z,: it might as well be any point on the sphere containing z,.
The choice of z, is convenient for calculations, nothing more.

Imagine dividing the shell small areas. Because the charge distribution is spherically
symmetric, it is convenient to use spherical coordinates where

Zg = 1scos by, Ty = Tgsin by cos ¢y, Ys = Tssin by sin ¢, . (3.1)
Note that r is constant: it is the radius of the shell. The area of a small piece of the shell is
dAs = r2sinf,do, do, . (3.2)

For later convenience, we note that the total area of the sphere is

0 2T
A= r?/ df, sin 95/ dp = 4 r?, (3.3)
T 0

where the limits of integration have been adjusted to that the area is positive.
Our small patch of shell contains a small amount of charge

dqs = 0o dAs = ogr? sin 6, df, do, (3.4)
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and will produce at 7, a small field

E =

rioy [° . 2 (2p — rscosbs)2 — rgsin by cos ¢ — 1, sin b sin ¢,y
df, sin 0, doy .
0

3.5
dreg (r2sin® 0 + (z, — 74 cos 0)2)3/2 (3:5)

™

Simple integration over ¢4 shows that F, = I, = 0. Thus, the field is in the direction of
7p. The remaining component is obtained from

r2og i (2, — rscosB)
E.(0,0,2) = =2 9r [ db, sine, p 15 CO8Ys . 3.6
(0,0.2) dreg g /0 o (r2sin® 0 + (z, — 75 cos 0)2)3/2 (3.6)

This last integral is moderately difficult. To unravel it, we first set
§=—rycosl, = d& =rysinb,do,, r2sin? 0, = r? — £2. (3.7)

Inserting this in Eq.(3.6), we have

TrsOg " (ZP + 5)
E.(0,0,2) =22 [ 4 , 3.8
( %) 2e0 /_Ts ¢ (r2 428z, + 23)3/2 (3.8)

Note that I have (exceptionally) found it easier to directly replace the 64 limits of integration
by the £ limits.
A little cleaning up of the denominator yields

rsog [ Zp rsoo [ £
E.(0,0,2,) = d d (3.9
005 = 52 f N R / L s

rs 00 1 rsrgog [ £
= + . (3.10
260 /12 + 22+ 2z, l-r 280 /_TS : (12 + 26 2, + 22)3/2 (3.10)
(3.11)
The rightmost integral is easily simplified using integration by parts:
dé 1 1
u=E, du = d§, dv = , v=—— , (3.12
3 ¢ (r2 428 2, + 22)3/2 Zp /12 + 22 + 22,¢ (3:12)
so that
1S £ 1 1 / 1
d = —= +— [ d (3.13
/ g(7‘2—i—2£2’p—|—z§)3/2 2p \/r§+z§+2zp§ Zp ¢ \/r§+z§+2zp§ ( )
¢ 1 1
= -= +—\/rg+z2+2z re,  (3.14
Zp /T3 + 22 + 22,8 22 P P ( )
r24+ 2242 Ts
= , (3.15)
22\12+ 22+ 22,7,
Inserting the limits and straightforward manipulations eventually yield
rs 1 2+ 22+ 2 "
/ dg 2 (22;: . 032 | 2 2 2( 2 : & 2 (3.16)
e (P2 428 2, + 22) \/7’5 + 22+ 22, zp\/'r’s + 26 2, + 22 .
= Dy LT)Q . (3.17)
“p (rs — 2p)




This last result must be simplified very carefully because we are taking the square root
of a square, which should always turn out to be positive. In other words,

(zp — 7“5)) _ { -1 if 2, <7y, (3.18)

(rs — 2 +1 if 2, > 7y,
so that :
Ts (Zp‘i‘f) _ 0 i Zp < T,
/rs « (r2+28 2, + zg)?’/2 - 2;5 if z, > rg. (3.19)
Eq.(3.8) then becomes
i 0 if 2y < T,
(0,0,5) = i’;;“f % if 2, > 7 (3.20)

Note that 4772 0 is the total area of the sphere multiplied by the surface charge density.
Thus, we can write gy = 4mr2oy as the net charge on the sphere and simplify our final
answer to

0 it z, <rg,
E.(0,0,2,) = { i, s (3.21)

In summary, the field is 0 if 7), is inside the shell. If 7, is outside the shell, then the field
at 7, is just the field of a charge go located at the origin. By symmetry, this conclusion holds
for any point. Thus, we can write

. 0 if r, <y,
{ Wy <7 (3.22)

E(F,) = .
p g0
4dreg 7”;2; Tp if Tp >Ts,

where 7, is a unit vector along the line connecting the origin to 7.

3.1.2 A spherical shell of thickness dr and radius r

Let us now consider a slightly more complicated case. Suppose we are given a solid sphere
of radius 7, with a spherically symmetric volume charge density p(rs) which depends only
on the radial distance to the origin. Let us compute the field at 7, = 2 z,,.
We begin by dividing our sphere in shells of thickness dr;. The volume element for such
a shell is
dVy = r? sinf, dr, dfs do, . (3.23)

You can verify for yourself that, upon integration, this produces the volume of a sphere:

r 0 27 4
V= / / / r? sinf, dr,df, do, = §7T re, (3.24)
0J wJ 0

The small piece of volume located (in spherical) at (rs, 05, ¢5) contains a small amount of
charge
dqs = p(rg)r? sin b, dry df, do, (3.25)
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and thus creates a small field

T 0 2m 2 . ~ . . ~

7 00 2 . (2p — rscosby)2 — rysin by cos g — 1, sin b sin ¢,y
dE(0,0,2,) = drsrs | dfssin b dos . :
(0,0,2,) dmeg /0 et /,r o /0 ¢ (r2sin® @, + (z, — 75 cos 05)2)3/2

(3.26)
Compare this last expression with Eq.(3.5). In this problem we have an extra integration
over drs but the integration over the angles are otherwise identical. Thus, we don’t have to
redo the angular integration: we can simply pinch the result from Eq.(3.20) to obtain

4 ro
E.(0,0,2,) = — / dry p(rs) 2. (3.27)

2
dmeo 2, ) o

Here, ry is defined as follows. We know from Eq.(3.22) that, if the radius r, of the our shell
of thickness dr; is greater than z,, then this shell will contribute nothing to the electric field.
If, on the other hand, the radius 7, is smaller than z,, then the total charge contained on
the our shell will contribute to the field. Thus, if 2, < r, the radius of our sphere, only those
thin spherical shells with radius r; < 2, will contribute. If z, > r, all the thin spherical shells
will have a non—zero contribution. Thus, we define

oz i<,
TO_{ roif z, > 1. (3.28)

Having clarified this, we see that
T0
47/ drs p(rs)r? (3.29)
0

is simply the net amount of charge enclosed in the sphere of radius ry. Thus, we can write

1
——— Qenel. 3.30
4%5022(] I ( )

p

E.(0,0,z,) =

where @enq. is the amount of charge enclosed in the sphere of radius ryg. More generally, we

write
- 1

E(T) = ——— Genel. Ty - 3.31
(Tp> dAmeq T}g)q 1.Tp ( )

3.2 Gauss’ law
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4 Dielectrics

It will be sufficient for our purposes to (somewhat naively) think of a dielectric as not a
conductor. Whereas a conductor is characterized, at the atomic level, by essentially free
electrons that can move large distances about the physical bulk of the conductor, dielectrics
(or insulators) have much more tightly bound electrons which must remain in the immediate
vicinity of the parent atom or molecule.

One should properly distinguish between two types of dielectric: polar and non-polar.

4.1 Definition the electric dipole.

A dipole is an electrical system made from one positive and one negative charge, separated
by a distance 2d. Between the charges, the electric field E always points away from the
positive towards the negative charge.

Imagine we have a positive charge +@ located at 7} = (d,0,0), i.e. at a distance d from
the origin along the & axis. Another charge —@Q is located at 7 = (—d,0,0), also on the
% axis. Let us compute the net field at a point 7, = (x,,0,0) to the right of the positive
charge, i.e. supposing x, > d for convenience. The system is illustrated in Fig.4.

y

Figure 4: The charge configuration of an electric dipole oriented along +z.

We have:

- Q -1 —Q T, —Th
E 0,0) = . 4.1
<xp7 ’ ) 47'('60 ‘Fp — 7?1’3 471'80 |Fp — F2|3 ( )
Using
7y — T =x,% — (dt) = (z, — d) T, Ty — Ty = xpt — (—=dz) = (2, + d) T, (4.2)
we have (remembering that z, — d > 0)
|7 — 7?1|3 = (zp — d>3 ) |7 — 7?2‘3 = (d+ xp)?) ) (4.3)
and
- Q T —Q Z
E 0,0) = 4.4
(,0,0) dmeg \ (xp — d)? + dreg \ (zp +d)? )’ (4.4)
. Q 1 1
_ 4.5
Cmeg \(wp— A2 (1, +d)? (45)
Q 2z, x2d
dmeg (d? — x2)? (4.6)
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Quite generally, the field lines in the z = 0 plane near the two charges are reproduced in
Fig.3.

Figure 5: The electric field in the z = 0 plane of an electric dipole located at the origin.

To continue, we observe that, with z, to the right of the positive charge, the electric field
of the dipole is directed along +z. Thus, we define the dipole moment p of the arrangement
as the product

P=Q X (1 —7) =Q X (2d)z. (4.7)
Note that the vector 7} — 75 point from the negative to the positive charge, so the dipole
vector points from the negative charge to the positive charge. In particular, if the field point
Zp & is not in between the charges, the E-field is parallel to p.

It is important to note, for later discussion, that if the field point z, Z is between the
charges, the electric field is antiparallel to p.

Finally, if we assume that x, is much larger than d, we have

(d* — xz%)Q ~ :Bé, (4.8)
so that

- . p 2z,
E = —a 4.9
w47r50 xh (4.9)

1

= —2(p-7,) 7T 4.10
ey 7)o (4.10)

where 7, = 2,7 and 7, = %, have been used.
Although this has been derived for a specific 7,, the results remains true for any 7,
provided that the point 7), is not on the axis perpendicular to the line joining the charges.

4.2 Response of a permanent dipole to an external field

Suppose a molecule of some compound is such that the electronic charges are not evenly dis-
tributed around the molecular nuclei. This can be the case when the atoms of the molecules
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have different physical size, as for instance in water. This uneven distribution will result in
a local excess of negative charge somewhere around the molecule, to be compensated by a
deficit of negative charge (i.e. a surplus of positive charge) somewhere else. This type of
situation can be modeled, in a first approximation, as a permanent dipole. The magnitude
of the dipole moment p of water, for instance, is p = 6.2 x 1073mC.

Suppose now the dipole is plunged in a constant external E field of magnitude Fy (sup-
plied, for instance, by two parallel plates), in such a way that p is not initially parallel to
E.

The net force on the dipole is the sum of the electric forces on the positive and negative
charges, respectively. Thus,

F=+4QE+(-Q)E=0, (4.11)

i.e. there is no net force on the dipole and thus no displacement of its center of mass.
There is, however, a net torque about the midpoint of the dipole. This torque is

—

F=F xF, +7 xF_| (4.12)

where F is the force on the positive or negative charge, respectively. We can simplify
Eq.(4.12) if we note that, by the geometry of the system,

F =-F, Ty = —T7 . (4.13)
Hence, . - .
’7_":7?1 XF++(—F1) X (—F+):2771 XF+. (414)
The magnitude of this torque is
T=T"T Q EO sin@, (415>

where 6 is the angle between the dipole vector p'and the electric field E. The torque vanishes
when the angle is 0 or m. However, when the angle is 7, the dipole is antialigned with the
E field, like a child on a swing in the upright position. The smallest little perturbation will
send it swinging towards the 6§ = 0 position.

Hence, we see that the effect of the external electric field is to orient the permanent dipole
so that it becomes aligned with the external field E , with p’ parallel to E.

Obviously, if there is no external field, there will be no alignment. Thus, when one
considers a macroscopic material under normal conditions, it is found that the permanent
molecular dipoles have random alignments, so that the bulk remains largely non-polar. In
other words, although each molecule of water has a permanent dipole, two neighboring
dipoles will typically be aligned in different directions (because of thermal energy, collisions,
and other such factors). Thus, a bucket of water does not have a measurable dipole moment
unless it is plunges into an external field.

4.3 Response of a non-polar molecule to an external field

Suppose a molecule does not have a permanent dipole moment. If we plunge it in a constant
electric field, the F field will distort the electronic distribution around the molecule and will
induce a dipole moment.
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To gain some insight into the deformed charge distribution, imagine once again a uniform
external field produced by two parallel plates placed vertically. On the left plate, we have
(let us say) a positive surface charge distribution whereas a negative charge distribution is
to be found on the right plate. Thus, the external field between the plates is perpendicular
to the plates. At every point, it has some given constant magnitude and is pointing towards
the negatively charged plate.

In response to this, the electronic cloud around the atoms or molecules of a non-polar
dielectric substance will be slightly displaced towards the bottom of the left (towards the
positive charges), leaving a small deficit of negative charges (or a small surplus of positive
charges) towards the right of the molecule.

If we recall that p' goes from the positive to the negative charges in a dipole, we can, in a
first approximation, model this situation by a small induced dipole parallel to the external

E field.

4.4 Response of a dielectric to an external field

Whether the molecules of a dielectric have a permanent dipole moment or not, the previous
analysis shows that, when plunged in an external E field, the dielectric will develop a net
dipole moment parallel to the E field. The effect on each molecule, i.e the resulting final
dipole moment p of each molecule, is proportional to the net field existing inside the dielectric.
A very naive but useful picture is obtained given in Fig.6(a). This figure shows a small volume
of a dielectric with dipoles aligned with an external field. The net dipole moment is the sum
of the individual dipole, and the dipole moment density Pis just the net dipole moment
divided by the small volume under consideration.
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Figure 6: (a) One small volume element containing aligned dipoles. (b) A “macroscopic”
piece of dielectric, containing a large number of polarized volume elements.

The bulk dielectric is made by putting together all the small volumes. A cartoon of this
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is given in Fig.6(b). It has been assumed that the polarization Pis everywhere constant, i.e.
all the small volumes have identical P. Inside the dielectric, one can see that there is net
charge, since the layers of surplus negative charges are “cancelled” by the layers of negative
charge deficits. However, there is a net effect at the surface of the dielectric.

This net effect is the resulting macroscopic dipole of the sample. It is clear that, although
Pis aligned with the external field, the net electric field inside the sample is smaller than
the external field because, between the positive and negative charges of a dipole, the E field
of the dipole is antiparallel to the external field.

To calculate Ein, the electric field inside the sample, we start with

—

E, =E + r , (4.16)
€o
where the extra gy needs to be included because of the way P is defined.

Normally, P not only increases with E (this is intuitively obv10us) but also increases
with Ej,. In fact, it makes perfect sense to think of the polarization Pat a point inside the
dielectric to be linked to the net electric field inside the material. We will limit ourselves to
material and regimes where this increase is proportional to Em, SO

]3 = XCEOEin y (417)

where Yy, is the proportionality constant, known as the electric susceptibility of the material.
For all known dielectrics, the value of x. is greater than 0. Thus, we can rearrange Eq.(4.16)
into
E=FE,——. (4.18)
€0
Now, the Pis antiparallel to E;, between the polarized charges so we have, as far as mag-

nitude go: B .
|Em|(1+Xe) = |E|7 (419)

showing the field inside the sample E;, to be smaller in magnitude than the external field
E, as commanded by our analysis.
For historical reasons, one consider not E but rather the material D field inside the
dielectric. It is given by
D;, = ¢E;, (4.20)

where the electric permittivity € has been introduced:
e = (14 xe)eo- (4.21)

In practice, one usually quotes the relative permittivity e,, defined by

=" =14y (4.22)
€o

so that € = €, g9. Since values of ¢, are always greater than 1, we see that the electric flux
density D inside a dielectric is always smaller than the electric flux density in vacuum.
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4.5 Bound charges

Before we consider further the response of a dielectric plunged in an external field, we will
introduce an analogy.

Consider the population of a high-rise building. Here, the gravitational field of the Earth
plays the role of the E field. The role of negative charges is played by human heads, while
positive charges correspond to pairs human feet. Thus, the high-rise is “neutral”, in the
sense that the number of heads is equal to the number of pairs of feet.

The gravitational field is oriented downwards, so we expect to see an “alignment” of
bodies in such a way that most feet will be pointing down while most heads will be pointing
up.

This analogy is useful because it is clear that, in outer space (where there is no grav-
itational field), there is no preferred orientation to each body: astronauts need not sleep
horizontally or walk standing up vertically.

The constant gravitational merely reorients bodies in such a way that, on a given layer,
all feet are at the bottom and all heads are near the ceiling. There is an apparent “surplus”
of heads at the top of each layers, and an apparent “surplus” of feet (or “deficit” of heads),
on the floor of every layer. The constant gravitational field does not add any heads or feet
to the astronauts.

In the electric case, the external field reorients the dipoles to create an apparent “surplus”
of negative charge near the positively—charged plate and a “surplus” of positive charge near
the negatively—charged plate. These “apparent” charges are called bound charges.

If we go back to Fig.6(b), the bound charges are those that are on the physical surface
of the dielectric.

If n is a unit vector perpendicular to the surface of the dielectric at some point 7, then
the surface bound charge density p,s and the volume bound charge density p,, work out to

ops =P -0,  pp=-V-P. (4.23)

(Notational Quirck: Sadiku uses the subscript p rather than my b. Furthermore, it is
usual to denote surface charge densities by o rather than p. Thus, I would have written oy,
and py, for the bound surface charge density and bound volume charge density, respectively.)
These definitions are best understood in integral form.

The bound charge @), on a surface is given by the flux of P through that surface:

Qb:% ﬁ‘dgz/,Obst. (4.24)
S

As the dielectric is globally electrically neutral, there is an apparent charge that locally
remains “not on the surface”, i.e. inside the dielectric. It is defined to that the net charge
of the dielectric is 0. Hence,

_Qb:/ pbvdV. (425)
v

Using the divergence theorem to transform
fﬁ-dﬁ:/ﬁpdv (4.26)
v
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yields
—Qb:/ pbvdV:/ V-Pdv, (4.27)
v |4

from which the second of Eq.(4.23) follows.

4.6 Gauss’ law for dielectric: free charges

Gauss’ law in vacuum reads

7{ D -dS = qepa. - (4.28)
S

We must now be careful to distinguish between various types of charges in the problem.

Coming back to our working idea of plunging a dielectric in a constant external E field,
we see that, to produce this external field, we need some charges that are distinct in nature
from the bound or “apparent” charges that result from the polarization of the material.

The charges that create the external field are called free charges. The free charges are
the charges we control. Unlike the bound charges, we can add or take away free charges at
will. In Eq.(4.28), gena refers to free charges.

In the presence of a dielectric, what shall become of the RHS of Eq.(4.28)7 The answer
is: nothing. Basically, the polarization effects of the induced dipoles is already included in
the definition of D: in a polarized dielectric, the D field is already smaller than it would be
if there were not polarization. Including the polarization again would be double-counting
the effect of the bound charges.

Thus, we can simply rewrite

f{ D-dS = gfree. (4.29)
S

We can recover the E field from D using the relation D = ¢E of Eq.(4.20), being careful to
use the correct electrical permittivity for our problem.
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5 Capacitor problems and Laplace’s equation.

In this chapter, we will study capacitors and dielectrics from two opposite premices: in one
case, we will assume some charge distribution is specified; in the other, the potential will be
specified in some region of space.

We assume we are given two conductors with opposite net charges. Recall that the
charges on a conductor are necessarily on the physical surface of the conducting body. When
the conductors are brought close together, they will form a capacitors. The capacitance of
the device is defined to be the ratio 0

V?
where () is the charge on one of the conductors and V' is the potential difference between the
conductors. Note that, since the capacitance is a positive number, we don’t have to worry
about the signs of the charge or the potential.

C = (5.1)

5.1 Laplace’s and Poisson’s equation

Thus far, we have proceeded using some charge distribution as initial data. From a distri-
bution, we determine the resulting electric field (usually by integration) and from the field
we obtain the potential difference. In other words, from a charge distribution we eventually
infer the potential difference between two points. Once ) and V' are known, the capacitance
can be determined.

Although using charge distribution as a starting point is very natural, one must admit
(alas!) that, in applications, one is often presented with a case where some device is operated
with some potential difference between two points in a circuit. Thus, it is often more
practical to start with V' and eventually infer Q).

Whereas the sequence () — E—V requires two integrations, the sequence V' — E — Q
requires two differentiation: the equation connecting ) and V is a second order differential
equation for V. It is known as the Poisson or the Laplace equation, depending on the presence
or absence of charge in the neighborhood where we are computing the potential.

To make this explicit, recall that

E=-VV (5.2)
Gauss’ flux theorem turned around using the divergence theorem yields

fD ds = /v >dV /pvdV:>ﬁ-l_j:pv. (5.3)

Since, quite generally,

D =c¢E, (5.4)
we find o L
VE:—V-VVZ%V. (5.5)
This is usually written
vy = -2V (5.6)
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where V? is the Laplacian operator. Eq.(5.6) is called the Poisson equation. It relates the
volume charge density py at some point to the Laplacian of the potential evaluated at that
point. When py = 0, we have the Laplace equation.
In the three familiar coordinate system, the Laplacian is
9 o?vV 9V 9V
vive = Ox? * Oy? * 022’ (5:7)
10 oV 10°V 0%V
= o Vo)t o

— lg r23_V + 1 2 Singa_v +;82_V (5.9)
r20r or r2sin 6 90 00 r2sin? § O¢? '

showing the ”double—derivative” nature of the resulting equation.

Poisson’s equation is an example of a partial differential equation, and there are known
techniques to solve those. We will only be concerned with cases where the symmetry of the
potential is such that V' depends on only one variable, so that all but one of the derivatives
will vanish. This will, in effect, turn Poisson’s equation into an ordinary second order
differential equation.

When the right hand side of Eq.(5.6) is 0, a solution to a second order differential equation
is completely determined once two integration constants are specified so that the solution is
compatible with the initial conditions of the problem. Once these two integration constants
are found, the theory of ordinary differential equation tells us that we are, basically, done.
This is the essence of the uniqueness theorem: if you have a solution that satisfies the correct
boundary solution, then you have the solution. If the right hand side of Eq.(5.6) is not 0,
then one requires a special solution.

In this course, we will deal exclusively with zero right hand side:

V2V =0. (5.10)

The full Poisson equation is useful, for instance, in calculations involving semi—conductor pn
junctions. In these cases, there is a complicated non—zero charge density in the problem.

5.2 The parallel plate capacitor

Consider two thick perfectly conducting plates, infinite in extent, placed parallel one to the
other. For definiteness, assume they are placed in the zy plane, with the top of the lower
plate at z = 0 and the bottom of the upper plate at z = h. Let us assume the space between
them is filled with some generic dielectric with dielectric constant € = €,&q. The dielectric is
electrically neutral.

5.2.1 Starting with a charge distribution.

Suppose some constant surface charge density o is placed on the bottom plate. By drawing
a Gaussian cube with its bottom inside the thick conducting lower plate and top inside the
thick upper plate, one easily deduces from the condition of zero—static field inside a perfect
conductor, that a surface charge density —o must be present at bottom of the upper plate.
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To calculate the field E between the plates, we use Gauss’s flux theorem again. By
symmetry, it must be that the field is entirely in the Z direction. The presence of charges
on the bottom of the upper plate is due to the charges on the lower plate, so we cannot use
the charges on the upper plate to calculate the field. So, we choose as our Gaussian surface
a pillbox with square cross—section AS, with four sides perpendicular to Z, having its lower
end inside the bottom plate and having height so that the point 7, inside the dielectric lies
on its top face. There is no flux on the sides of the box, because the field is always along 2
whereas d9 is always perpendicular to Z on the sides of the box. There is no flux from the
bottom of the box, because the bottom is in a perfect conductor, in which there is no E.
Thus, the only contribution to the flux is from the top face of the box.

By symmetry, the field is constant in magnitude on the top face, so

7{ B.ds— / D(2,)dS = D(2,)AS = 7,AS, (5.11)
s
from which we conclude L

E = ?52 (5.12)

You can check this against the result of Sec.4.6C, being careful to take note that, in 4.6C,
the infinite sheet has negligible thickness. In 4.6C, it is impossible to have one end of the
Gaussian surface ”inside” the sheet, as we’ve done here. This accounts for the factor %
present in Sec.4.6C but absent from Eq.(5.12).

Knowing the field, we can find the potential difference between the plates. Since the
distance between the plates is h, we find, by simple integration, the potential difference AV

to be
AV =V (h)=V(0) = / E.-dl = / “dz = ——h. (5.13)

[Note: For convenience, we will use V(0) (on the bottom plate) to be the reference and
set V(0) = 0. Thus, the negative sign in Eq.(5.13) indicates that the charge density on the
upper plate is negative, in accordance with what we found before.] If S is the surface area
of the plates, the capacitance is therefore given by

Q psS €S &S

- = €TT7

C_AV %h h

(5.14)

Note how the charge and potential difference have disappeared from the result. In Eq.(5.14),
all negative signs have been eliminated to make sure that the capacitance comes out as a
positive number.

This calculation is not self-consistent. We have assumed the plates are infinite in extent
in order to use Gauss’ flux theorem to calculate the field, so S should properly be infinite.
In practical situations, of course, the plates are finite in area. However, if the distance h
between the plate is small compared to the area S of the plates, and we calculate the field
for a point 7, located not too close to the edges of the plates, then the plates are effectively
infinite and our calculation holds. The assumptions used here to obtain Eq.(5.14) amount
to neglecting the fringing field outside the parallel plates.

Eq.(5.14) captures the essential properties of a parallel plate capacitor. If the surface
area S of the plates is increased, the capacitance is increased. If the distance between the
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plates is decreased, the capacitance is increased. Finally, if we use a "good” dielectric, i.e.
one with a "high” value of ¢,, we increase the capacitance.

5.2.2 Starting from the potential.

Suppose instead we are given as initial data the potential difference between the plates.
There is no charge between the plates since the dielectric is electrically neutral, so we have
to solve

V2V =0. (5.15)

It is clear from the setup that the potential can only depend on z, as this is the only physically
relevant dimension to our problem. Thus, we have

d*V
2
The solution to this is clearly
V(z) =az+0, (5.17)

where a and b are two constants to be determined. Let us declare the bottom plate to be
at potential 0. Setting z = 0 in Eq.(5.17), we find that we need b = 0. If the potential at
z="his AV =V(h) — V(0), then we find, with z = h the distance between the plates,

AV
AV =ah=a=— (5.18)
so that V' is given everywhere between the plates by
AV
V(z) = —=. (5.19)
h
Note that the electric field is constant and along 2.
~ > AV

[Note: if you're worried about the negative sign, don’t be. We will find, in agreement with
Eq.(5.13), that AV is actually negative. Thus the field is really along 42, as expected.] It is
possible to infer the charge on the bottom or the bottom plate using the electric boundary
conditions:

D, = o, (5.21)

In the dielectric, there is a D field but no surface charge density; in the conductor there is
no D but a surface charge o,. At z = h, we have

A
D, =) s =¢E,(h) = —¢ TV, (5.22)

which is simply another form of Eq.(5.13).
The capacitance then then be determined since ) = 04S. Hence, we reobtain Eq.(5.14).
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5.3 The cylindrical capacitor

Consider one perfectly conducting cylinder of radius p;, surrounded by another hollow cylin-
der, coaxial with the first and also perfectly conducting. The inner radius of the hollow
cylinder is po; its outer radius is p3. Both cylinders have infinite length.

This is the geometry of a coaxial cable. The space between them is filled with some
generic dielectric with dielectric constant ¢ = €,6q9. The dielectric is electrically neutral.

5.3.1 Starting with a charge distribution.

Suppose some constant surface charge density oy is placed on the inner cable. By drawing a
Gaussian cylinder with radius p greater than py but smaller than p3, one easily deduces from
the condition of zero—static field inside a perfect conductor, that a surface charge density

o9 = —&01 (5.23)
P2
must be present on the inner surface of the outer cylinder. = The smaller surface charge
density arises because the inner surface of the outer tube has a greater area than the surface
of the inner cable.

To calculate the field E between the inner cable and inner surface of the outer cable,
we use Gauss’s flux theorem. The charge distribution does not depend on ¢ or z. Thus, by
symmetry, it must be that the field is entirely in the p direction. We choose as our Gaussian
surface a cylinder with radius p, such that p; < p, < p2 so as to be recover the field at a
point between the cables. The length of the Gaussian cylinder is /.

There is no flux on front and back of the cylinder, because the field is always along p but
ds is along Z on those surfaces. Thus, the only contribution to the flux is from circular side
of the cylinder.

By symmetry, the field is constant in magnitude on the side of the cylinder

f D-dS= | D(p,)dS = D(p,) x 2mp, x L = 0, x 2mpy x L, (5.24)
S side
from which we conclude .
— 0501 N
FE = —p. 5.25
(Pp) —— (5.25)

Knowing the field, we can find the potential difference between the cylinders. Using a
radial path along p such that dl = pdp, we find, by simple integration, the potential difference
AV to be

bt p2
AV:V(Pl)—V(P2)=—/ E-dl:/ Eodli=2 2 (5.26)

p2 p1 € P1
The capacitance per unit length is therefore given by

c Qi Tsp1 €r€0
= = = = .2
¢ ¢ AV 22 In —Zf In —Z? ’ (5.27)

Once again, the charge and voltage have disappeared from this (simple) result.

Eq.(5.27) displays the essential properties of the cylindrical capacitor. The voltage dif-
ference is a function of the ratio pa/p; The E field varies radially as 1/p, so the field can
reach quite large magnitudes near the inner cable if the radius p; of the inner cable is small.
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5.3.2 Starting with a voltage difference.

Suppose a potential difference AV is maintained between the inner cable and the inner
surface of the outer cylinder. The geometry of the problem indicates that V' will be a
function of p only, since the surface of a conducting cylinder, irrespective of the angle ¢, is
an equipotential. Thus, we set V = V(p) and solve

1d av
Ld (p_) 0 (5.28)
pdp \" dp

as there is no charge between the cylinders.

Since p = 0 is excluded on the grounds that we are looking for V' in the region p; < p < po,
we can multiply Eq.(5.28) by p # 0 to obtain

d ( dV av
)l =0=p— =(C 5.29
where (] is an integration constant. Dividing by p # 0, we now obtain

v O

— = V() =Cilnp+Cy, (5.30)
dpp

with C5 another integrating constant.
To obtain the correct potential difference V(py) — V(p2), we need

Vip) =V(p2) = Cilnpr+Cy— (Cilnpy + Cy) (5.31)
= i, (5.32)
P2
which implies
AV
¢y = L’ (5.33)
P2
AV
Vip) = <ln%> Inp + Cs. (5.34)
At py, we have
Vip1) = Vip
‘WM—( “L&<”>mm=@. (5.35)
P2
Thus,
AV AV
Vip) = <1ﬂ)mp+V@Q—(lﬁ>mm, (5.36)
n P2 I P2
AV p
pum _— 1 —_— . .
(m%>rnh+V@0 (5.37)



Now, we can recover the field via

E(p) = —VV(p), (5.38)
dVv AV \ 1

= —p— =0 - 5.39

dp (ln%> p ( )

, (5.40)

in agreement with Eq.(5.26).

5.4 The spherical capacitor

Consider one perfectly conducting sphere of radius 7, surrounded by another hollow concen-
tric sphere, also perfectly conducting. The inner radius of the hollow sphere is ro; its outer
radius is rs.

The space between them is filled with some generic dielectric with dielectric constant
€ = g,60. The dielectric is electrically neutral.

5.4.1 Starting with a charge distribution.

Suppose some constant surface charge density oy is placed on the inner sphere. By drawing
a Gaussian sphere with radius r greater than ro but smaller than r3, one easily deduces from
the condition of zero—static field inside a perfect conductor, that a surface charge density

2

09 = ——20'1 (541)

2
must be present on the inner surface of the outer sphere. The smaller surface charge density
arises because the inner surface of the outer sphere has a greater area than the surface of
the inner cable.

To calculate the field E between the inner sphere and outer surface of the outer sphere,
we use Gauss’s flux theorem. The charge distribution does not depend on ¢ or #. Thus, by
symmetry, it must be that the field is entirely in the 7 direction. We choose as our Gaussian
surface a sphere with radius r, such that r < r, < 73 so as to be recover the field at a point
between the spheres.

By symmetry, the field is constant in magnitude on the surface of the Gaussian sphere,
SO

7{5 -dS = /D(rp)dS = D(r,) % 47rr}2) = 0, X 4772, (5.42)
s
from which we conclude
E(r,) ouri 1 (5.43)
T = —T. .
P e 12
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Knowing the field, we can find the potential difference between the spheres. Using a radial
path along 7 such that dl = 7dr, we find, by simple integration, the potential difference AV
to be

mlemﬁ—WM:—/ﬁﬂE/‘Edh
r2 T1

2 /1 1
_ Oy (_ . _> _ OsT1 (')"2 _ 7’1) (544>

g 1 T
The capacitance is therefore given by

Q o 4mr ATeryry
AV ”s—”(rg—rl) (7’2—7“1) ( )

)

C

Once again, the charge and the voltage disappear from the result.

Eq.(5.45) displays the essential properties of a parallel plate capacitor. The voltage
difference is a function of the difference ro — ;. The E field varies radially as 1/ 7"}2,, as if the
entire charge of the inner sphere was concentrated at the origin.

5.4.2 Starting with a voltage difference.

Suppose a potential difference AV is maintained between the inner sphere and the inner
surface of the outer sphere. The geometry of the problem indicates that V' will be a function
of r only, since the surface of any one of the conducting spheres, irrespective of the angles
and ¢, is an equipotential. Thus, we set V = V(r) and solve

10 (0

as there is no charge between the inner and outer spheres.
Since r = 0 is excluded on the grounds that we are looking for V' in the region r; < r < ro,
we can multiply Eq.(5.46) by r # 0 to obtain

d dv av
- (7‘2—) =0=7r"— = -1, (5-47)

where (] is an integration constant. The negative sign is for convenience. Dividing by

r? # 0, we now obtain
v oG

dr 2
with Cy another integrating constant.
To obtain the correct potential difference V(1) — V(rs), we need

éWﬂ=%+@, (5.48)

C C
WM—V%)z-ﬁ+@—<é+@> (5.49)
= <i — i) — CIM7 (5.50)
rLo T2 172
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which implies

A A
Cl = 7“2*‘:1 = v 17T, (551)
T ()
AV 1
\%4 = — — + Cs. 5.52
(r) (ra — rl)T‘ﬂ‘zT + (5.52)
At rq, we have
AV 1
=V — 1Ty — :
Ca (r1) TR (5.53)
V(ry) = V(ra)
= - .54
V(r1) R (5.54)
Thus,
AV 1 AV
Vv = ——rro—+V - 5.55
(r) (ra Tl)TﬂnQ’f’ + V(r) (= h)rz, (5.55)
AV 1 1
= 7,1>mm(r—1 — ) V). (5.56)
We can verify this works by setting » = r5 to find
AV 1 1
Viry) = B T1)T1T2(7“_1 - E> + V(r), (5.57)
. AV (TQ — 7’1)
- _ = rl)rlrg o + V(r), (5.58)
= — (V(T’l) - V(T'Q)) + V(T’l) = V(Tz) . (559)
Now, we can recover the field via
E = —VV(r), (5.60)

dVv AV 1
_ 2V AV - 5.61
"dr ’ ((7’2 — T1)T1T2) ( 7’2) ’ ( )

() ()

Likewise, the charge density on the inner sphere

AV 1
D, = o= ——= —, 5.63
7 6<(7"2—7’1)701702)7’f ( )
A
_ _EAV m (5.64)
(7"2—7"1)7“1

in agreement with Eq.(5.44).
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6 Magnetostatics

6.1 Definition of H

In magnetostatics, the source of the magnetic field is not a charge, but a time—independent
current. If a constant current I flows in a small piece of wire oriented along dl,, the product
Idl, functions as a small source producing a small magnetic field defined by

ai — Lrai x =7 (6.1)

4 |Tp - 7”8|3.

This is know as the law of Biot-Savart.
The net magnetic field is thus

/ —1dl, x fji, (6.2)
- 7,

where the integral extends over the region where the current is flowing.
Compare the situation to electrostatics, where a small stationary linear charge density
As produces in vacuum a small electric field

L L
ai = Lol ”2,). (6.3)
4meg |Fp — 7|

Notice how Eq.(6.3) and Eq.(6.1) are similar, but also how they are different. In the
expression for the electric field, the source term A\ dl, is a scalar, i.e. a quantity that has no
orientation. In the expression for the magnetic field, the source term [ di, is a vector, i.e.
an oriented quantity. This is because one must specify the direction of flow of the current.
The vector di, required in the calculation of the H-field is always tangent to the current-
carrying wire because the current always flows tangentially to the wire. Alternatively, dlS
always points in the direction of local current flow. Notice also the cross product in the
construction of H.

In electrostatics, we have, besides linear charges densities, surface and volume charge
densities. Likewise in magnetostatics, where a surface current density K, and a volume
current density J, (this is, basically, the current density of Ohm’s law J=cE , with o the
conductivity) produce magnetic fields

. 1 . > =
i = / — (R.as) ) = 7). (6.4)
s 4m |7 — 7]
A = /1 <fdv> XM, (6.5)
Am |Fp_775|

respectively.

Here, note how the vectorial nature of the current is described by the vector K, and the
scalar dS, or the vector js and the scalar dv. This should be constrasted with the scalar I
and the vector dl_;. If History were completely consistent, one should probably have Idl,
rather than [ dl:,, but the long-time convention of using 1 dl:, , K sdS and J_;dv remains.
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6.2 Example: the infinite straight line

As an example, consider the problem of finding the H-field generated by an infinitely long,
straight wire, carrying a constant current /. Suppose for simplicity that the wire is stretched
along Z, and let us pick a field point 7, = (x,0,0).
To use Eq.(6.1), we need to deduce that dl, = 2dz,, and that the integral will be from
zs = —00 to zg = 400, since this is the range of z over which the sources are distributed.
Then, we have

— ]_ % S
di = Ll @0 232, (6.6)
Am ‘x% + 22
1 Idzg g2
- = : 5| 00 1|, (6.7)
7T|x§+23 z, 0 —z
1 ldz
= — > ) (6.8)
A |.T12) + Z? 3/2 \"'P
It is easy to see that the direction is qualitatively correct, because
ZX T =1, Zx2=0 (6.9)
There remains to integrate:
— 1 o dz
H=—Izx 7)/ . (6.10)
T e a2 22|

This is an integral of a type that we have seen before. Using the trigonometric substitution

Lp

2s = Tptand, dzs = o2 edQ, (6.11)
and the equality
1
1 +tan®6 = 6.12
+tan cos2 6 ( )
we transform
dzg / 1 Tp
_— = de, (6.13)
/ |x§+z§|3/2 ‘x§(1+tan20)|3/2 cos? ¢
ng /cos 0do = %3 sin 6. (6.14)
|| ||

We need to convert back to the original variables, so we construct an auxiliary triangle of
slope z;/x, from Eq.(6.11), and find

Zs

2 2"
\/xp+zs

(6.15)

sinf =
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Hence,

., 1 > dz
H = —Iz y/ = (6.16)
T e g 22|
1 x z
= —Jr g—2 5 6.17
TN o
I g
= — 6.18
o7 Iz, (6.18)

In obtaining this last equation, we have implicitly assumed that z, > 0 : the slope of our
auxiliary triangle was taken as positive, so that the angle 6 in Eq.(6.15) was assumed positive.
If x, < 0, we have a negative slope to our triangle, and so a negative angle #. In summary,
we have the result:

_ +)—L— if z,>0,
f=1{ "Yln U (6.19)
—ym Zf .ZUp < 0.
A more general result, valid for 7, = (r, cos ¢,, 7, sin ¢,, 0), gives
. I .
H = 6.20
i (6.20)

where ng is a the unit vector at 77,. This should be compared with the electric field produced
by a infinite wire with linear charge density, which we recall to be

As

2mr),

E= p (6.21)

6.3 Example: the current loop

Consider a loop of radius r, located in the zy plane. The loop carries a current /. The line
element dl; tangent to the point 7y = (r cosfs, rsinf,, 0) on the loop is simply

dl, = (—rsinsdbs, r cos 05dbs, 0) = (—rsin Oy, r cos O, 0)db (6.22)

To find the H field at a point = (0,0, z,), we first construct

— 1 — oo _)S
ai = Lpdfx =) (6.23)
A |7 — 7|
1 I & y z
= i, Luer| T sinf,df, rcosf,df, 0O |, (6.24)
T {7“2 + 2}2)‘ —1r cos b, —rsint;  z,
1 I
= ——— (¢ 0,d0s — yi in 0,df, + 2r’dos) . 6.25
g e ‘3/2 (Zzpr cos YT z,rsin + 2r*df,) (6.25)

We will look at the each component of H in turn.
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For H,, we have
H L d / v 0,db, =0 (6.26)
= —— z,r cos Oydfy = )
4dr |7,2 + 25‘3/2 0 7
since f027r cos df = 0. The same result holds for H,, this time due to fo% sin #df = 0. There
remains H, :

H LI / " *do (6.27)
o — e T ) .
dr 2 1 2 Uy
1 Ir?2 1 Ir?
- = r ”3/2 =3 d o (6.28)
T 2y
so that our final answer is
L1 Ir? .
H= A TP—— R (6.29)
2
Note that, at large distances z, > r, we have the approximate expression
- 11Ir?
H~-——3. 6.30
T (6.30)

The 1/ Zg dependence for large distance is similar to the large distance dependence of E field
of an electric dipole. In fact, a current loop is the prototype of a magnetic dipole.

6.4 The infinite sheet

Consider finally an infinite sheet, placed in the zy plane, and carrying a surface current
density K’s = Koz. A little piece of this sheet, located at r, = (x4, ys,0) and having area
dS = dxdys, will produce at a point 7, = (0,0, z,) a small field given by the infinitesimal
version of Eq.(6.4):

T 1 2 — sA - sA
di = L (Kopdoady,) x 220 ygjﬁ (6.31)
An |22 +y2 + 23|
Ko deydy, vy 2
— 0 L0 10 0], (6.32)
AT |2 402 o 52|32
‘xs +ys + Zp‘ —Ts —Ys Zp
K dx 4y, . R
- 0 (—yzp — 2ys) - (6.33)

A 3/2
am |22 + y2 + 22|
Calculations are simplified by introducing polar coordinates in the plane,

Ty = T4COS Py, (6.34)
Ys = TsSin¢sa (635)

so that, under this change of variables,

drydy, = rdryde,. (6.36)

45



Hence,

7 KO rsdrsd¢s ~ ~ .
dH = ———— (—yZ — ZTgS1N ¢5) . (637)
A1 ‘T? —|—Z£|3/2 P

Integrating first the z-component:

Ky [ r2dr, 2 _
H,=— 0/0 —3/2/0 des sin ¢, = 0. (6.38)

4 }r§+z§|

The only component is therefore along 7 :

H = _M/ML#S Zﬂd¢ (6.39)
! A Jo }r§+zl2)|3/2 0
Koz, © rdrg
o 2+l
_ _K(]Zp —1 (6 41)
2 T2+ 2 '
K
= 0% (6.42)
22|
Thus, we have
= Ko -y if z,>0,
H_TX{JFQ if 2, <0. (6.43)

This ought to be compare with the expression for the electric field of an infinite sheet of
surface charge density og, which we recall to be

= 00 +Zz if 2, >0,
=5 X{—z if 2, <0. (6.44)
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7 The displacement current

We have seen that, through induction,

L 0B -
Vi :%E-dfz— — -dS 7.1
f o s ot ( )
leads to .
- B
VxE= _9B (7.2)

ot
In other words, a changing magnetic field generates an electric field. Is it possible for a
changing electric field to generate a magnetic field? The following argument illustrates how
the answer to the previous question must be positive.

Consider a piece of circuit containing a capacitor, and assume that the plates of the
capacitor are separated by the vacuum. Everyday experience shows that a very legitimate
circuit can be constructed even though both sides formally form an open circuit (there is no
conductor connecting the plates). Thus, something must “flow” between the plates of the
capacitor, although by construction it cannot be a conduction current.

To make the argument quantitative, consider the problem of calculating the B field
generated by the current feeding the capacitor. Suppose we want to apply Ampere’s law to
this problem, so imagine an Amperian loop around the wire.

The following problem then arises: how are we to compute the current enclosed by the
loop? This concerns arises because there are two ways of constructing a surface around
our loop. The first way is straightforward: simply stretch an imaginary cellophane sheet
immediately between the loop. Is this case, the enclose current is the (conduction) current
carried by the wire. The second way is valid only because the plates of the capacitor are
not physically connected: imagine that you place some soap film between your loop and
that this soap film is deformed so that it forms a cylinder with the back of the cylinder
going precisely between the capacitor plates. For this type of construction, there is never
any physical current that “punctures” the surface defined by the Amperian loop!

Clearly, there is only one unique magnetic field, so both construction should be equivalent:
what is going on?

Now, it is true that the second construction does not enclose any physical conduction
current, but, contrary to the first case, there is an electric flux through this second surface. If
we assume the capacitor is perfect so we can neglect fringing, then the electric field between
the plates is

Q

Z7
and the electric field outside is 0, so the flux of the electric field through this second surface
is

Dl = (7.3)

dp = |D|A = Q. (7.4)
The change in flux is then
deép dQ
- _Tx 7.5
dt dt’ (7.5)
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and 0
— =1 7.6

is the conduction current through the wire feeding the capacitor. Thus, if we use our first
surface to calculate the magnetic field,

L ddp

. — =20 .

]{C di — (7.7)
oD -

= —dS 7.8

7{5& | (78)

- 7{ ﬁxﬁ)-ds (7.9)
S

from which we conclude that

.~ 9D
H=".
V x 5

This is valid clearly “inside” the capacitor, where there is no conduction current. The term
%—? is called the displacement current density Jp. In a region where there is a conduction

current, we have, as before,

(7.10)

—

VxH=J, (7.11)

and in a region where there is a conduction current and a changing D field, we have the
most general form of Ampere’s law:

H=J.+—.
V x + BN

In most practical case, one does not deal with D but rather with E which is tied to the
voltage difference, so, remembering that

(7.12)

D = ¢E, (7.13)
J. = oE, (7.14)
and taking, typically, ¢ ~ 107!2, we see that, unless Jis very small (i.e. the medium is a good
insulator) or %—’tj very large, the coElduction current is typically negligible. In a conductor,
for instance, taking o ~ 107, and |E| = Ej coswt, we have
J. 107 109
—| = = . (7.15)
Jp w X 10712 w
8 The time-dependent Maxwell’s equations
To summarize, we have:
ﬁl_j:pV §Sﬁ'd§:(kncl.
= . i _ _ 0B o _ 9 5.4
Yxﬁ——at §Eﬁ-d€:—§f53-d5 ®.1)
V-B=0 $sB-dS =0 :
Vxd=Jo+%  §h-dl= [ (J+ D) a3
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9 Plane wave propagation

9.1 Maxwell’s equation in phasor form: time-harmonic fields

We consider the problem of solving Maxwell’s equation under the assumption that the source
distributions are time-harmonic. This allows us to use phasors and ignore the explicit
harmonic time dependence and replace time derivative by a complex factor, when applicable.
Thus, the four Maxwell equations become, in phasor form:

V.5 =py s VB =P
. £
L 0B L.
VXE=—— — V xE, = —jwuH,
v ot v Jen (9.1)
V-H=0 — V- -H,;,=0
- - - 9D . .
VXH:JC+E———>V><HS:JCS+3005ES

We can manipulate these into a more convenient form. Using J., = 0 E, we can rewrite

V x s = aﬁs+jwaﬁs
- ngcﬁm

where the complex permittivity
5C:e—jg:5<1—ji> (9.4)
w
has been introduced.

9.2 Waves in a charge-free medium

Suppose py = 0. Then, Maxwell’s equations simplify to

V-E, = 0, (9.5)

V x Es —jwuﬁs, (9.6)

V- H, 0, (9.7)

V x H, = wacEs. (9.8)

Take the curl of V x ES :

V x <§ X Es> = —jwu <ﬁ X FI) = —jwu (jwecﬁs> , (9.9)

- V(V-E)-V (9.10)

- —V’E, (9.11)

using vector calculus identities and Maxwell’s equations. This produces the final equation

—V2E, = w?ue B (9.12)
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Introducing the complex quantity
2 2 2 g
V= —wiue. = —wip e —j— ), (9.13)
w

we finally obtain the (complex) phasor wave equation

—

V2E, —~+*E, = 0. (9.14)

Similarly, from V x (ﬁ X Ij[s> and Maxwell’s equations, one obtains the wave equation for

—

H,:
V*H, —v*H, = 0. (9.15)

Both equations are obviously of the same general form. Note that Eqn.(9.14) is really three
equations, as there is one equation for each component of E, i.e. we really have

V?Ey — By = 0, (9.16)
V?Ey, —v*Ey, = 0, (9.17)
V?E,. —v*E,. = 0, (9.18)

and similarly for ﬁs. Each of the field components E,, F,,, . could, in principle, be a
complex function.
By direct substitution, one can verify that, for some complex constant vectors Fy, Hy,

the solutions to Eqns.(9.14) and (9.15) are

E, = Eye™™ (9.19)
7, Hye ™ (9.20)
where
n-7r = Ngx+nyy+n,z, (9.21)
na+ny+n2 = 1 (9.22)

At this stage, either choice of +7 or —v is possible. To verify, take the Laplacian in cartesian
coordinates:

. 62 82 62 .
ViE = (% Top T 5) Ege*r(rartmytnaz), (9.23)
_ 7 (‘9_2 Lo 3_2) ey ns) (9.24)
0\ 522 oy? 022 ’
_ Eo (727%25 + 72713 + 72712) ei'Y(nECC‘f'nyy'f‘nzz)’ (9.25)
= Eyyetinectnyyinz) _ (2 F oy (9.26)

Identical manipulations show that Eqn.(9.20) is also a solution to Eqn.(9.15).
The solution of Eqn.(9.19) is called the plane wave solution. This is because, on a fixed
plane determined by n - 7" =constant, F; and H, have constant amplitude.
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For simplicity, let us suppose for the moment 7 -7 = z and explore in more details some
of the properties of Eqn.(9.19). First, write 7 = o + j3. The physical fields are then given
by

E(z,t) = R (Eoe_o‘ze_jﬁzej“t> = Eye™* cos(wt — 32), (9.27)
H(zt) = R (ﬁoe’aze’jﬂzew) = Hye ** cos(wt — (3z), (9.28)

Some temporary assumptions about the sign of v has been made, and we have assumed E,
and H, real for simplicity. This shows that fields are a wave travelling in the 2 direction, a
consequence of choosing the direction vector n to be in the Z direction.

Let us now show that E,, must be zero. To this end, use V x ﬁs = jwecﬁs. The
Z-component of this is

0 0
= Gy = 5ot =0 (9.29)

(6 X I:73> = jwe Fy,
since ﬁo is constant and thus ﬁoeiVZ does not depend on x or y. Likewise, from V x ES =
— jwuﬁs, one rapidly shows that H,,.

Thus, for the plane wave solution, the electric and magnetic fields are completely perpen-
dicular to the direction of propagation.
Finally, suppose

Ey = &Eo, + 7 Eo,. (9.30)
Then, from
T 0 z
VxE, = —jwuHs=| 0/0z d/dy 0/0z (9.31)
onezl:'yz Eoye:tfyz 0
= —i& (%) Eoye™ + 4 (£7) Boee™, (9.32)
= (£7) (—2Ey, + §E),, €. (9.33)
Hence,
~ +
Hs = ]m (_:%E()y + :QEOJZ) eﬂ:vz (934)
W
so that
(%
Ho =~ g, (9.35)
W
(£
W
In particular, o
Ey-Hy=0. (9.37)

For the plane wave solution, E(z, t) is perpendicular to ﬁ(z,t), and both are perpendicular
to the direction of propagation.
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9.3 Plane waves in lossy media

In this section, we find the connection between v and the constitutive parameters ¢, u, o of
the material in which the wave propagates.

9.3.1 General form

Recall
Vo= = (5 —jz) = —wue (1 — ji) : (9.38)
w we
vo= e 1 — i (9.39)
we
Write v = a + j3. To determine «, (3,

7 = o — 3+ 2jap (9.40)
= —w’ue + jweo. (9.41)

Equating the real and imaginary parts separately:

200 = weo = (= u;_eaa’ (9.42)
2
o - = o - (u;_aa) = —w?pue. (9.43)
a

This last equation can be rewritten, after obvious manipulations, as
4 2 2 L oo o
a+awue—zwpa =0, (9.44)

with solution

) —w?pe + \/(wz,uz-:)2 + w?p?o?
a” = .
2

Since « is assumed real, we must keep the positive root to guarantee that o®> > 0. Thus,

(9.45)

—wlue + \/(w2p5)2 + w?p2o?
o = 5 : (9.46)

and, after rearrangements

/2
2.e 2\ 1/2 !
o= L [(1 4 WZSZ) —1| . (9.47)

At this point, we have kept the positive root of the quadratic, thus making sure that « is
positive. One should keep in mind that the negative root is also possible, albeit our choice
will be justified later.
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Using now Eqn.(9.45), we can solve for 3? in Eqn.(9.42). This rapidly yields

B = o’ +wlue (9.48)
1 1
= §w2,ue + 5\/(u}2u€)2 + w?plo?, (9.49)
1 , 0_2 1/2
= qwue (1 + o +11, (9.50)
1/2
w?pe o2 \ 2
= 14+ —— 1 9.51
b 2 ( + w252> + (9:51)
The same comment applies to the choice of positive root for 3.
Observe that the physical fields have the general form
E(zt) = R (Eoeiazeijﬁzeth) ) (9.52)
H(zt) = R (ﬁoeiazeijﬁzej“t> : (9.53)

The constant vectors EO and ﬁo have no Z component, and in general, they will have both
an & and ¢ component, as per Eqn.(9.30). To continue and facilitate interpretation, we
restrict to

Ey = @|Ey,|e, (9.54)
Hy = §|Hy,| e (9.55)
It is then clear that
E(z,t) = R(i|Eo|e/#retoretifzeiot) (9.56)
= @|Eo| e cos (wt + Bz + ©,) . (9.57)

If we keep the cos(wt + Fz + ¢.), we have a wave travelling to from the right to the left.
Indeed, suppose we have t =ty and z = 2y such that wty + Bzp + @, = 0 : the amplitude of
the electric field is maximal for those values of ¢ and z. If we are to stay at this maximum
of amplitude, it must be that at some later time t = t1, we have

wto + ﬂZO = wt1 + 621 — w(t1 — to) = 6(20 - Zl). (958)

This indicates that zg — z; > 0, i.e the value of z decreases with increasing time: this
properly describes a wave traveling from the right to the left. In the same spirit, one show
that cos(wt — Bz + ¢,) describes a wave traveling from the left to the right.

Simple physics dictates the choice between e®* and e~**.. Recall that have chosen a > 0.
The wave cannot gain amplitude as it travels away from the source. Thus, for a right-traveling
wave, we keep e~?* so that, with increasing z and later times, the amplitude decreases. For
a left-traveling wave, we must keep e®*. Hence, our physical solutions are:

_ { & |Epz| €= cos (wt — Bz + ;) : right-travelling wave, (9.59)

E(z,1) = T |Eoe| €% cos (wt + Bz + ;) : left-travelling wave.
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In other words, the right- and left-travelling waves correspond to —v and +-, respectively.

The waves travel with phase velocity u = +w/f (depending on the direction). This is the
velocity at which one must travel to keep the phase of the cosine constant. The amplitude
peaks are reproduced at every z, such that 5z, = 2nm. Consecutive peaks are separated by
one wavelength A\ :

2
A=zt — 2y = % (9.60)

9.3.2 Amplitude relations

For a right-travelling wave, we have, from Eqn. (9.36),

HOy - ]w—’qum — E(]x, (961)

Thus, the amplitude of the magnetic field is related to the amplitude of the electric field by

1
HOy == —on, (962)

c

where the complex impedence

L_ v _B-ja_ 1

Ne T wp wi |ne

(9.63)

has been introduced. Using this, we find, for the physical magnetic field propagating to the
right,

. Eol .. . .
H(z,t) = R @Me_m"e]””e_o‘ze_ﬂze]”t ) (9.64)
7|
Eoy
J “ 0’ | e cos (wt — Bz + o, — ¢y) . (9.65)
TNe

Hence, there is, in general, a phase mismatch between the magnetic and electric fields, i.e.
both do not reach their maxima (or minima) at the same time. The two fields are in phase
when the impedence is real, i.e. when a = 0. This can only occur in media where o = 0,
i.e. in perfectly non-conducting media. An identical conclusion is reached for left—traveling
waves.

9.4 Three special cases.

It is clear, from Eqns.(9.4),(9.47) and (9.51) that the ratio -Z is of special importance. This
ratio determines the imaginary part of the complex permittivity. We will distinguish three
cases.
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9.4.1 Lossless dielectric: 0 =0

If o = 0, then we have

2 1/2

a = ”2"“5 [(1 L 0)2 1} — 0, (9.66)
w?pig 1/2 1/2

B = 45 [(1 +0) + 1} = /wpe, (9.67)

_ wB_ K
"= \[ (9.68)

There is no attenuation. The special case of vacuum, where u = py and € = g4, produces
the phase velocity ¢ = 1/,/1o€o-

9.4.2 Low-loss dielectric: & < 1.

In this case, we can use the binomial theorem:

(1+2)"~1+nx+.. (9.69)
valid for small z to approximate
- 1/2
a = wpe + o? \ -1 ~ wpe —2 v
2 w2e? 2 2uw2e? ’
2 2 q1/2
~ 4 |HE O _ 2B (9.70)
2 | 2w2e? 2\ e
w2pe | o? 12
6 = 5 (1 + W) + 1:| R WA/ L€, (9.71)
~1/2
n = _j% __wH (1 _ji> — \/E (1 _|_ji> (9.72)
¥ Vwue we € 2we
~ \/g (9.73)

9.4.3 Good conductor: i > 1.

In this case, we find, again using the binomial expansion,

- 1/2
w2 e o2 \*
VoS- (1 + w2€2) 1], (9.74)
2 2_2\ 1/2 1/2
w2pe L ) B 1] ,

w?e? 12 wiue o Wito
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10 Multiple interfaces at normal incidence

We now consider the problem of reflection and transmission at multiple interfaces by normally
incident plane waves. A typical problem would be one where a wave hits a film (g, 09, f19) of
thickness ds. The wave transmitted in the film will then hit another interface with (es, o3, 13)
of infinite extent. Applications include anti-reflecting coatings and shielding.

In the three-interface problem described above, the situation can be worded as follows.
An incident wave from z = —oo, traveling in medium 1, strikes the surface of medium 2.
Some of the wave will be reflected back to medium 1, some of the wave will be transmitted
in medium 2. The transmitted wave in medium 2 then hits the 2-3 boundary: some of
the wave will be transmitted to medium 3 and some will be reflected to medium 2. The
backscattered wave in medium 2 will eventually reach the 1-2 interface: some of it will be
transmitted back to medium 1, propagating toward z = —oo along with the wave reflected at
the 1-2 interface. Some of the backscattered wave will bounce back in medium 2, reaching
again the 2-3 boundary where some of it will be transmitted to medium 3 and some will be
rebackscattered in medium 2. This bouncing clearly goes ad infinitum.

It would be possible but extremely annoying to actually sum all the partial amplitudes
in various media, but there is a much more direct approach.

Considering the speed of the signal in each medium will not be significantly different from
the speed of light for ordinary material (remember that, if o = 0, u, = 1/\/epi = ¢/ /1€y,
where ¢ ~ 3 x 10® m/s), the situation within each medium will rapidly evolve to a steady
state: we will work from this steady state.

In this regime, we have the following:

In medium 1: one incident wave with total (complex) amplitude E;", described by the
phasor E:ﬁ = 2B e™1%¢79%% and one reflected wave with net amplitude E; and phasor
Es] = 2 E[e**e/%1% (I have chosen the electric field to be along 2 for convenience. This is
not essential to the argument.) The net amplitude E7 is the sum of all the waves emerging
from medium 2 to medium 1 from the multiple reflections in medium 2. The superscript on
the phasor indicates the direction of propagation, and the subscript indicates the medium
of propagation. The net electric field phasor in medium 1 is therefore

Eq =i (Bfem%e 9% 4 Brei7eihs) (10.1)
The net magnetic field is obtained by observing
~ 1 . 1 .
Hi = — (+2) x (2Efe %™ /M?) = —gEfe *12e /M7, (10.2)
Ne1 Te1
~ 1 A 1 .
Hy = —(=%) x (2E;e*?e??) = — (=) By e*?e??, (10.3)
Ne1 el
H, = LA Efezp=ibiz _ p=ca1z,i012 10.4
1 . 1y ( 1€ € 1€ °°¢ ) . (10.4)

In medium 2: one wave traveling to the right, which is a sum of the incident wave
transmitted in 2 plus the multiplicity of waves reflected back in medium 2 at the 1-2 interface.
The net amplitude of this wave is B = #FJ e *2*e~7%%  The wave traveling to the left is
likewise given by E_;—Q = 2B e®2*eiP2% Thus, the net electric field phasor in medium 2 is:

Egp=7% (E;“e_o‘”e_m” + E{eo‘”ejﬂ”) : (10.5)
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The net magnetic field in medium to is also readily obtained:

~ 1 . )
Hy=—y (E;“e_o‘zze_ﬁzz — 2‘6“2263523) . (10.6)
T)e2
In medium 3, there is only a transmitted wave, but it is the sum of numerous transmissions

originating from repeated bounces at the 2-3 interface. Thus:

—

By = &Efe el (10.7)

~ 1 )

Hy = —gEfe %02 (10.8)
Ne3

We now apply the boundary conditions at the various interfaces. At the 1-2 interface,
we have, by continuity of the tangential component of the net electric field and continuity
of the tangential component of the net magnetic field:

Ef +E; = Ef +Ej, (10.9)
1 1
— (Ef —E;) = —(Ef —Ey). (10.10)
Tlc1 Te2

These are obtained by equating Eqns. (10.1) and (10.5), and equating Eqns. (10.2) with
(10.6) at z = 0, where the interface is located.

Applying now the electric and magnetic boundary conditions at the 2-3 interface, which
is located at z = dy, we obtain

Eéf-e—azcbe—jﬁztb _|_E2—6a2d26jﬂ2d2 _ E;—e—oz:zd2e—jﬁzd27 (10‘11)
i (E;'e—%dze—j/@bfh _ E2—60<2d26j32d2) _ iE;e_a3d2€_j’63d2. (10'12)
M2 Nes

We therefore have a system of four equations with five unknowns. It is usual to solve in
terms of the incident amplitude E;". After some straightforward but otherwise pretty tedious
manipulations, we obtain the solution as:

Er o (M2 — ner) (e + 7es) + e *12% (11 + Nea) (Ne3 — Ne2) (10.13)
Ef_ (7701 + 7762) (7702 + 7703) + e~ 22dz (7701 - 7702) (7702 - 7703)7
E_; — 27702 (7702 + /)703) (10 14)
E+ - 72')/2d2 _ _ ) :

) (M1 + Ne2) (2 + ne3) + € (Me1 = ne2) (Me2 — Mes)
E — 277C2 (7703 - 7702) e_272d2 (10 15)
E+ - —2’)/2d2 _ — ) :

1 (M1 + Me2) (Me2 + ne3) + e (N1 — Ne2) (Ne2 — Nes)
E_;_ o 47720773c6772d2 (10 16)
E+ - —2v2d2 _ _ ' :

1 (M1 + Me2) (Me2 + ne3) + e (N1 — Ne2) (Ne2 — Nes)

These rather formidable expressions considerably simplify in one important case.
For three perfect dielectrics, we have oy = as = a3 = 0 and all impedances are real.
Thus, in this case,

(2 —m) (n2 + m3) + e723P242 (g + m5) (03 — 1)
(m +m2) (n2 + n3) + e7238242 (ny — ny) (e — 773)’

Ey — Ef (10.17)
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21 (12 + n3)

Ef = EF . , 10.18
2 Y (1 A+ m2) (02 4 n3) + €252 (g — ) (2 — 13) ( )
9 _ —2jB2d2
E; = Ef 1 (1 Z?)ed , (10.19)
(m +n2) (N2 + n3) + €725282 () — na) (N2 — n3)
4 —jB2dz
Ef = Ef 21 (10.20)

! (m +m2) (N2 + n3) + e=205242 (g —my) (N2 — n3)

One application of (nearly perfect) dielectrics is for anti-coating purposes. If we demand
that E| be 0, i.e. no wave reflected back in medium 1, then we obtain the condition

Br = 0= (n—m)(p+n)+e %% (g +m) (i3 —m) =0, (10.21)
= (772 - 7]1) (772 + 773) = — Whe (771 + 772) (773 - 772) (10-22>

Clearly, this can only happen when e/2%2 is a real number since the left hand side of
Eqn.(10.22) is real while the right hand side can be complex. Thus, the thickness of medium
2 must be such that e=2//242 = 41,

This does not completely determine the second medium. Assuming e~%%% = 41 the
impedance of medium 2 must now be chosen so that

(m —n2) (2 +m3) + (m + 1) (N2 — m3) =0, (10.23)
which produces the solution 7, = 0, obviously unacceptable. Assuming now e~2/%2d2 — 1,
we obtain

(m —n2) (N2 +n3) — (m +m2) (2 — n3) = 0, (10.24)

with solution 7 = /3. The thickness must then be adjusted so that
20sdy = (2n + 1) 7. (10.25)

The thinnest possible layers are therefore obtained for 23;dy = 7, 37, b7 etc.

Because the numerator in Eqn.(10.13) depends on e~2#2%2¢~2/%242 hut not on ay, 81, asz or
(3, the previous analysis for perfect dielectrics can be extended and remains valid is medium
2 is a low-loss dielectric, sufficiently thin so that e=222%2 ~ 1. It is then possible to obtained
no reflection in the more general situation where media 1 and 3 are not low-loss dielectrics.
The condition for zero reflection is then

(Mer — m2) (M2 + ne3) + €22 (g1 + ne2) (12 — nes) = 0, (10.26)

and must be solved by breaking the equation into its real and imaginary parts. One then
obtains two equations to determine 7, and the thickness ds of the coating.

11 Propagation in the atmosphere: plasma frequency

In the upper atmosphere, one can find a significant quantity of ionized gas (or plasma), i.e.
gas molecule in which some of the electrons are separated from the core of the molecule.
These charged particles then react to the presence of an electric field and disturb the prop-
agation of a signal.
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One important parameter in the propagation of signals in the atmosphere is the so—called
plasma frequency wy,defined by
N.q2
wy = |~ (11.1)
Me€o
where N, is the density of free electrons in the upper atmosphere, ¢, = 1.6 x 107*°C is the
electronic charge and m, is the electron mass. The effects of these free electrons is captured
by the effective dielectric permittivity

w2
Eet = €0 (1 — w—g) (11.2)

where w is the angular frequency of the signal. Note that €4 is real but could be negative
if the angular frequency of the signal is below the plasma frequency.
In general, the electric field plane wave will therefore have the form (assuming propagation
along 2)
E,(2) = 2 Eye %, (11.3)

where
B = wWy/10E es- (11.4)

Thus, if e.4 > 0, the electric field propagates without attenuation. If €4 < 0,the propagation
constant 3 becomes imaginary and the wave attenuates as it propagates. Note that this
attenuation is of a different physical origin than the attenuation due to finite conductivity,
which is captured by the parameter « : in plasma, there can be attenuation even is ¢ = 0
provided that the w < w,,.
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12 Oblique incidence for lossless dielectrics

12.1 Snell’s law for lossless dielectrics

We have thus far considered the problem of reflection and transmission of a wave propagating
along Z and hitting an interface "head-on”.

Geometrically, the direction of propagation is always parallel or antiparallel to a vector
normal to the interface. This is known as normal incidence. Since the electric and magnetic
fields of a plane wave are always perpendicular to the direction of propagation, it therefore
follows that E and H were always completely perpendicular to the interface.

We now move on to oblique incidence, where the wave hits the interface at some slanted
angle. In this situation, the E, and H, are not necessarily completely perpendicular to the
normal at the interface, and we must distinguish two cases.

The section is organized as follows: first, we establish results and nomenclature which
is common to every case of oblique incidence. Then we consider in turn the problems
of reflection and transmission of a plane wave with parallel polarization and perpendicular
polarization.

All media are considered lossless, meaning o0, = 09 = g3 = 0. It is easily verified that
this implies that the attenuation constant in medium a :

- SR
/'I’G/ga 0_(1
L= w, 1 ~1| =o 12.1
@ w 2 * (wa€a> ( )
- S 1/2
By = wyyHete 1+( Ja) 1| = woHaga, (12.2)
2 WeEaq
Na = &~ (123)

Note that these are written under the most general assumption that the angular frequencies
w, might be different from one medium to the next (this assumption will be shown to be
false: the angular frequency in all media will be the same).

The most general expression for the electric field phasor in medium « is thus

—

By = Eq e 0eaTa, (12.4)

In lossless media, it is conventional to use the notation:

Ba ko = War/Haas (12.5)
Batta = ko= (Kaz, kay, Kaz)- (12.6)

Here, n, is a unit vector in the direction of propagation, and is often denoted by k, and
denoted by a; by Sadiku. Hence, ko is a vector of magnitude [, and points in the direction
of propagation. In particular, we have

o2

ka

iy = ke (12.8)

= kI 4k, K, =wlpca, (12.7)
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and the "nice” relations, valid for electromagnetic plane waves in any lossless medium,

—

ko X By = wattaHa, (12.9)
Hy, x ky = weeoEy, (12.10)
k,-E, = k,-H,=E, -H,=0. (12.11)

There are applicable to the physical fields as well as the phasors.
From Eqns. (12.5), (12.8) and (12.9), one also derives the handy relation

wataHy = oy X By = war/liata <k: x E) : (12.12)
g a aca > — ]- S —
g, = Zovleta (ko x Bo) = —= (ha x Ed). (12.13)
Wa g, La
1 - =
= iy, x E,, (12.14)
Na

showing (once more) that the amplitude of the magnetic field is smaller than the amplitude
of the electric field by a factor of 1/7,.

If we want to argue that the angular frequencies are the same in all media, we must revert
to the physical fields, as the w-dependence is explicitly evacuated from the phasor forms.

If the incident and reflected fields propagate in medium 1, and the transmitted field in
medium 2, the full time-dependent forms of the fields are:

Bi(Ft) = EBio(F)cos (wit — Bifi - 7) = Bip(7) cos <w,~t . F) (12.15)

= Eqw(ﬁ) cos (wit — kigx — kiyy — kiz2), (12.16)
E.(r,t) Ero(r) cos (wit — kot — Ky — kpa2) (12.17)
_’t(r, t) = qto(r) cos (wit — kizx — Ky — ky22) . (12.18)

Let us now apply the electric boundary conditions at the interface between media 1 and 2.
We will assume for simplicity that the interface is located in the z=0 plane.

Note that, although the boundary conditions were derived for static fields, they remain
valid for time-dependent fields. For instance, an expression like

]{E-df: 0 (12.19)

is not valid anymore with dynamic fields because of induction. However, the boundary
conditions were obtained for an infinitesimal contour, so the induced EMF, which will depend
on the time-variation of the flux over an infinitesimal area, is effectively nil. The other
boundary condition depends on

7{5 dS =0 (12.20)

if there is no charge at the interface (as is the case here), and this equation is not modified
by the presence of time-dependent fields.
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Thus, at z = 0, we have, for all values of time and for all points 7" on the interface.

Ejo(7) cos (wit — kizw — kiyy) + E,o(r) cos (wyt — Ky — kryy) (12.21)
= Eyo(r) cos (wit — kit — kuyy) . (12.22)

As this must hold for all ¢ and all z,y, it follows that we must have
Wit — kiz® — kiyy = wpt — Kyt — kryy = wit — kipx — kyyy. (12.23)
In particular, this must hold at x = y = 0, so we obtain
W, = Wy = Wy = W. (12.24)

In other words, the angular frequency of the signal is unchanged by the interface. This
makes intuitive sense: the interface represents a discontinuity in the spatial properties of the
media, so we expect the temporal part of the wave to be unaffected. Selecting now ¢ = 0
and z = 0, we find

kiy = kpy = kyy, (12.25)

A similar argument at ¢ = 0 and y = 0 produces

It is essential to observe that, since the interface is at z = 0, we cannot obtain a condition
on the z-components on k;, k. and k;.

Using this, and noting that both incident and reflected wave propagate in medium 1, we
thus have

Bi = ki = wy/lner = k. (12.27)

In other words, the propagation vectors of the incident and reflected waves have the same
magnitude, although the vectors k; and k, are expected to have different directions as the
wave themselves propagate in different direction.

Since By = k; = w\/l2€2 # B, and ki = ke, kiy = kyy, it follows that

kiv # Ky, (12.28)

To examine the consequences of these equations, suppose for simplicity that we orient our
axes so that

n; = asinf; + Zcosb; (12.29)
b= ki (12.30)

It is important to realize that the planar symmetry of the interface always allows us to do
this simplification without loss of generality. With this choice and Eqn.(12.25), it is clear
that the incident, reflected and transmitted k-vectors will always lie in the xz-plane.

This observation, taken with the setup of our interface as a plane located at z = 0, makes
it natural to decompose the vectors EZ-, /ZT and Et in terms of components along a vector
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normal to the interface, i.e. a vector along 2, and components perpendicular to 2. Thus, we
write

ki = k;(&sinb; + 2cosb;), (12.31)
k. = ks (Zsinf, — Zcosb,), (12.32)
ke = bk (2sinb, + 2cosb,). (12.33)

The angle 6; is known as the angle of incidence, 6, is the angle of reflection, and the angle
0; is known as the angle of refraction. These angles are computed from the normal to the
interface. The case of normal incidence, discussed in the previous sections, is the case where
Notice how, in the expression of Eqn.(12.32), the sign of the z-component has been
reversed, in accordance with the geometrical interpretation of a reflection. In this equation,
k. = k; has also been used. Comparing the Z-components of Eqns.(12.31) and (12.32) shows

that
sinf; = sin 0, (12.34)

or, in words, the angle of incidence equals the angle of reflection. The plane containing
k:,, k and k‘t is called the plane of incidence. Here, the plane of incidence is the zz plane.
Comparing the z-components of Eqns.(12.31) and (12.33) yields

kisinf; = k;sinb;, (12.35)
wy/piersinf; = w\/pizes sin b;. (12.36)

The combination ]

n
\/M1€1 = \/Mrlé“rl\/uoé“o = E\/Mrlgrl = ?1, (12-37)
where
ni = \/Hri€r1 = s (12.38)
Ho€o

is the index of refraction of the medium. Note that, for non-magnetic materials, n; > 1
since ¢,1 is always > 1. Furthermore, ¢ is experimentally found to be dependent on w, so
n is usually itself dependent on w. Thus, Eqn.(12.36) takes a form known as Snell’s law for
lossless dielectrics:

nq sin 0; = ne sin ;. (12.39)

Let us briefly explore this last relation through a simple example. By the geometry of
the problem, the angle of incidence 6; is limited in range to lie between 0 and 7. Now, if a
plane wave from air (n; = 1) hits the surface of a fresh water lake (ny = 4/3), at an angle of
incidence 0; = 0., then the wave will be transmitted with an angle 8; = 0,4, such that

air . 3 .
sin O pater = Rair_ gin Onir = — sin O, (12.40)
Nuwater 4

It is clear there is always an angle 0,4, that will satisfy this, and that the angle 6,4 is
shallower than the angle of incidence 0,;, since the sine function is increasing in the interval
form 0 to .
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Suppose we go instead from water to air. Then, we have 6; = 0,,4e, and 6; = 6,;,.. Snell’s
law then gives

4
sin @[m = § sin Qwater. (1241)

It is now clear that, if the angle of incidence 6,4, is such that sin,q¢e, > %, there will be
no angle #,;. that will be solution. In this case, there is no transmission of the wave and
we have a phenomenon called total internal reflection. The general analysis shows without
difficulty that total internal reflection can happen only if no < n;. The maximum angle of
incidence is called the critical angle .. When the wave is incident at the critical angle 6.,
the transmitted wave propagates at an angle §; = 7/2, i.e. parallel to the interface. If the
angle of incidence is above the critical angle, we have total internal reflection. Thus, one
easily finds

sin 0, = 2 sin (f) _ 2 (12.42)

nq 2 nq

The phenomenon of total internal reflection is quite practical, as it allows transmitters to
send signal "bouncing” off surfaces. Total internal reflection is used to propagate radiowaves
over large distances by bouncing on the ionosphere, and also used to propagate light in optical
fibers.

12.2 Reflections and transmission at oblique incidence.

Although the vectors l;i, /;T and /;t are always in the same plane (the plane of incidence), the
electric and magnetic fields need not be: they are limited to be perpendicular to propagation
vectors k;, k, and k;. Using Eqn.(12.29), we have

P T = kT, (12.43)
= [ (&sinb; + Zcosb;) - (Zx + gy + 22) (12.44)
= [y (xsinb; 4+ zcosb;), (12.45)

it is convenient to write the incident electric field phasor in the form

E(7) = (Em + EZQ ¢iB(@sinbitzcos6,) (12.46)

where
Ey = @By +2E,., (12.47)
Ey = §E,. (12.48)

The condition of orthogonality for plane waves now reads

0 = fy- Eiy(P), (12.49)
— (g By iy Eiy ) e osmberzeost), (12.50)
_ (TALZ i EzH) efjﬁ1(xsin9i+zcosei)’ (1251>
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by the geometrical setup of Eill and Ej, .

The vector El 1 =y, is known as the perpendicular component of the electric field, as
this component lies entirely in a direction perpendicular to the plane of incidence.
Equation (12.51) forces
Ei|| = Ey (T cosl; — Zsinb;) . (12.52)

This is known as the parallel component of the electric field, in contrast with the perpendic-
ular component. The parallel component lies entirely in the plane of incidence.

An identical decomposition holds for the reflected and transmitted waves. In the corre-
sponding cases, we have

E, = E,(Zcosb;+ Zsinb;), (12.53)
EtH = Ly (Zcosty — Zsinb;). (12.54)

It is clear that the most general signal is a superposition of a parallel and perpendicular
signal. However, both components must be handled separately for transmission and reflection
properties.

12.2.1 Transmission and reflections of TE waves.

Consider first the case of an incident electric field with only perpendicular component:

EZS(F) _ E_w’u_efjﬁ1(xsir19¢+zcos0i)7 (1255>
— QEiLe_jﬁl(Z‘Singi-f—ZCOS@i)‘ (1256)

This is known as a TE wave, for Transverse Electric, indicating the electric field is transverse
to the plane of incidence. The reflected and transmitted phasors have the form

Ers(F) _ QETLefjﬁl(zsin&fzcosGi)’ (1257>
Ey(F) = g, e iP(esinbtzcosts) (12.58)

The corresponding magnetic fields are

. 1 .
Hi(r) = P (Zsinb; + Zcosh;) x E; (12.59)
1 T Y Z
= — | sin6; 0 cosb; |, (12.60)
m 0 Eilefjﬁl(z sin6;+z cos 6;) 0
1 . .
= —F,; e iflesinbitzeosti) (3050, + 2sin;), (12.61)
Ui
- 1 . .
H.(F) = —B, e ih@sinti=zcos0) (70050, + 2sinb;), (12.62)
m
- 1 ) .
Hy(F) = —E, e iPelesinbitzcost) (_gcogf, + 2sinb,) . (12.63)
2

(Note the change in sign of the z-component of H,(), something which results from the
reversed sign of z in the direction of propagation of the reflected wave.) At the interface
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z = 0, we have, from the boundary conditions on tangential electric and magnetic fields, the

equations

cos 0,

m

E,+FE,, = L,

(-EiL+E,) = — By .

T2

We solve for E,| and E,| in terms of the incident field E; :

Iy

T1

E..  macost; —mn cos b,

E;.  mycosb; +mnycosb,’
By 219 cos b;

E;.  mycos; +mycosl,

(12.64)
(12.65)

(12.66)

(12.67)

Note that these expressions reduce to those for normal incidence when we set 6; = 0.
Because the index of refraction is often a tabulated quantity, it is often convenient to

manipulate I} and 7, so as to make the index of refraction of the media appear, especially

in the case of non—magnetic media where y = po. Thus

Iy

From this, it can be shown that I'; is never 0, unless both media are identical.

I') = 0 requires

2 _ 2.2 _
ny —nysin“60; =

2 _ 22, _
ny —nysin“60; =

7)o cos B; — my cos 6,

1y cos ; + my cos O,

+JE cosB; —  [EL cos b,
g2 €1

9
/o . Ho
=) cos 0; + Z2 cos 0,
\/—=cosf; — /- cos ¥,
HoE2 H1€1

9
/1 /1
o, COS 0; + ey COS 0,

£ cosl; — < cos b,
ng ni
1

c )
oy COS 0; + o COS 0,

ny cos B; — ng cos O,

nycosf; =

n?(1 — sin’ 6;)

ny cos B; + nycos by

ng cos by,

2 2
ny(1 —sin” 6,) ,
2
n
2 1. 2
na(1 — —5sin”0;),
n3
na —nisin®6;

which implies n; = nsg, i.e. both media are the same.
Of course, 7, can also be expressed in terms of nq, ns:

2
n2

4 [4 ?
= cos 0; + - COS 0,

cos 6,

2n, cos 0,

ny cos ; + nycos by
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(12.68)

(12.69)

(12.70)

(12.71)

(12.72)

Indeed,



12.2.2 Transmission and reflection of TM waves

Consider next the case of an incident, reflected and transmitted electric fields of the form

Eis(F) = ;) (@cost; — Zsinb;) e IBi(@sinOitzcos0y) (12.79)
5. (F) = By (& cosb; + 2sing,) e IA(@sindizzcost) (12.80)
E (7)) = By (icost; — 2sin ;) e i (@sinfi=zcostr) (12.81)
The corresponding magnetic fields are
— 1 —
His(F) = — (Zsinb; + 2cosb;) x E; (12.82)
U1
= —| sinf; 0  cosf; |e IPlwsinfitzcosty) (12.83)
n E,L” COS 91 0 _E2|| sin 97,
1 , .
= — (9B sin®0; + §E; cos® ;) e I (@sinbitzcosti) (12.84)
m
— QlEi”e_jﬁl(aisin@i-‘rzcosei)’ (1285)
m
_ 1 . .
Hrs(F) _ _g_ErHe—jﬁﬂxsm@i—zcosai)’ (1286)
Ul
_ 1 ) .
His(F) = §— Eyje dP2(wsinbitzcoste), (12.87)
2

It is now the magnetic field that is transverse to the plane of incidence, so this situation is
referred to as a TM, or Transverse Magnetic, wave.

At the interface z = 0, we have, from the boundary conditions on tangential electric and
tangential magnetic fields, the equations

(B + Byy) costy = Eyjcosby, (12.88)
1 1
— (B — Ey) = —Ey, (12.89)
T 2
with solution
Ny = =B R (12.90)
E;y macos b +n; cosb;
E 2y cos b
o= e R (12.91)

E; "~ macosf; 4+ my cosb;

Again, these expressions reduce to those found for normal incidence when we set 6; = 0.
In terms of ny, no, one rapidly finds

2n1 cos 0;
= ) 12.92
7l ny cos 8; + nq cosb; ( )
The expression for I is much more interesting. Indeed we get
0, — 0;
Iy — ny cos 6y — ngy cos (12.93)

ny cos B + nycosB;
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If we now look to see if an angle p will make I'j = 0, we have

nicos;, = ngcosbp, (12.94)
ni(1—sin®6;) = n3(1—sin*0p), (12.95)
2
n2(1 — Lsin’0p) = ni—nZsin?0p, (12.96)
Ny
nyn: —nisin’fp = nj—nysin’lp, (12.97)
(n3 —n})sin’fp = nj —nan? =ni(ni —n?), (12.98)
(n2 +n?)(n3 —n?)sin?0p = ni(ni—n?), (12.99)
2
1
sin?fy = — 2 (12.100)

2 2 = 1

sinfy = ——2 = [ (12.101)

Vn?+n3 €1+ &2

The solution to this is more cleanly expressed using a trigonometric identity. From Eqn.(12.101),

we find

cosfp = 4/1—sing, (12.102)
n2 n?
= 4|l—- 2= = 1 12.103
\/ T+ \/n§+n;’ (12.103)
S — (12.104)
/n?+n2

so that

tanfp = 2 = [22 (12.105)
nq &1

The angle 0 which makes I'j = 0 and does not exists for the perpendicular waves is called
the Brewster angle.

The Brewster angle is useful when high intensity beams of polarized lights are required.
Many polarizers function by dissipating one of the two components of the electric field; in
high intensity applications, the energy dissipated would physically burn the polarizer.

69



~ » S > N i 4 4 vV v v
- > S > » A 4 4 v v v

» ’» ’ | 4 y Y 1 | 4 A A

Figure 1: The electric field in the z = 0 plane of a positive point charge located at the origin.
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Figure 2: The electric field in the z = 0 plane of a negative point charge located at the
origin.
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Figure 3: The electric field in the z = 0 plane of an electric dipole located at the origin.
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